Submitted to Bernoulli

Ergodicity, CLT and asymptotic maximum of
the Airy; process

FEIPU!2

1Lab()mt()ry of Mathematics and Complex Systems, School of Mathematical Sciences, Beijing Normal University,
100875, Beijing, China, %fei.pu@bnu.edu.cn

We first show that the Airy; process is associated using the association property of the solution to the stochastic
heat equation and convergence of the KPZ equation to the KPZ fixed point. Then we apply Newman’s inequality to
establish the ergodicity and central limit theorem for the Airy; process. Combined with the asymptotic behavior
of the tail probability, we derive a Poisson limit theorem for the Airy; process and give a precise estimate on
the asymptotic behavior of the maximum of the Airy; process over an interval. Analogous results for the Airy,
process are also presented.
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1. Introduction and main results

The Airy; process, {A;(x) : x € R}, derived by Sasamoto [31] in the context of TASEP, is a stationary
stochastic process whose finite-dimensional distributions are given in terms of the Fredholm determi-
nant (see [35, Section 4.1.2]). In particular, the one-point distribution is a scalar multiple of the GOE
Tracy-Widom distribution, namely,

P{A(0) <s}=F(25), s€ER,

where F| denotes the GOE Tracy-Widom distribution. Moreover, it was proven by Quastel and Remenik
[29] that the sample paths are Holder continuous with exponent %—.

Recently, Basu et al. [5] have shown that the covariance of the Airy; process decays super-
exponentially by showing that Cov(A; (x) , A;(0)) = e~ (3ro()x?
a law of large numbers, i.e., as N — co,

as x — oo. This immediately implies

N
%/0 Ay (x) dv = E[A (0)],  in LA(Q).

We are aiming to establish the ergodicity and the matching central limit theorem for the Airy; pro-
cess.

Theorem 1.1. {A;(x) : x € R} is ergodic, and as N — oo,
1y d 5
— (A1 (x) —E[A;1(x)]) dx = N(0,07), (L)
VN Jo

where 0% = /R Cov(A;(x), A (0))dx € (0, c0), and «dy denotes convergence in distribution.

Note that Quastel and Remenik [29] proved that the Airy; process fluctuates locally like a Brownian
motion (see [29, Theorem 1sing a formula for the n-dimensional distributions of the Ai proce
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in terms of a Fredholm determinant on L?(R). We refer to Higg [19] for the local central limit theorem
for the Airy, process and Pimentel [25] for the local Brownian motion behavior of Airy processes.

The main tool to prove the ergodicity property and CLT (1) in Theorem 1.1 is the association property
of the Airy; process. We recall from Esary et al. [17] that a random vector X := (X1,. .., X},) is said
to be associated if

Cov[hi(X),h(X)] =0, )

for every pair of functions %j, hy : R™ — R that are nondecreasing in every coordinate and satisfy
hi(X), ho(X) € L*(Q). A random field ® = {D(x)} era is associated if (D(x1), ..., P(x,,)) is asso-
ciated for every xi,...,x,, € R?. We remark that an associated random vector is also called to satisfy
the FKG inequalities; see Newman [23].

Theorem 1.2. {A;(x) : x € R} is associated.

The association property of the Airy; process leads to a fundamental inequality, known as Newman’s
inequality (see (7) below), which plays a crucial role in proving ergodicity and CLT for the Airy;
process. Furthermore, Newman’s inequality implies an inequality for characteristic functions (see (9)
below), which together with the asymptotic behavior of the GOE Tracy-Widom distribution, enables
us to derive a Poisson limit theorem for high-level exceedances of the Airy; process.

Denote by T the inverse function of s +— 1 — F(s). We have the following Poisson approximation
for the Airy; process.

Theorem 1.3. Fix A > 0. Let {xk,N}Nzl,lsksN CcR satisfy

min| <jzk<n [Xj,N — Xk N |

ljivm_igf (3logN)!/3 > 1. 3)
Then, as N — oo,

< d

Zl{ﬂl(xk,N)>%T(/l/N)} — Poisson (A1), (4)

>~
1l

1

where Poisson(A) denotes a Poisson random variable with parameter A.

The function T (inverse of s — 1 — F}(s)) is introduced in (4) so that the expectation of the sum
in (4) is equal to the constant A, as in the classical Poisson approximation theorem for independent
Bernoulli random variables. Theorem 1.3 states that when the points xx n, k =1,..., N are far apart
(namely, satisfy the distance condition (3)), then the identically distributed Bernoulli random variables
given by the indicator functions in (4) are approximately independent and hence the sum of them will
be approximated by the Poisson distribution.

Conus et al. [13] studied the spatial asymptotic behavior for the solution to the stochastic heat
equation using a localization argument (see Chen [12] for precise spatial asymptotic behavior for the
parabolic Anderson equation). This localization argument is based on the mild formula for the stochas-
tic heat equation and does not apply to the Airy; process. However, the association property provides
a way to analyze the independence structure of the Airy; process in terms of the asymptotic behavior
of the covariance (see the inequality (52) below). Combined with the asymptotic behavior of the tail
probability of the maximum of the Airy; process (see Proposition 6.1 below), we can study the precise

asymptotic behavior of the maximum of the Airy, process. |
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Theorem 1.4. Almost surely,

maxo<y<y Ar(x) 1(3 23
im === . 4)
N —co (]Og N)2/3 212
As for the Airy, process {Ay(x) : x € R}, we have the following.
Theorem 1.5. Almost surely,
2/3 2/3
(l) < lim inf MaX0<x<N A (x) < limsup maxp<y<nN Az (x) < (é) . )
N-w  (logN)2/3 N0 (log N)2/3 4

The paper is organized as follows. After introducing some preliminaries in Section 2, we first prove
Theorem 1.2 in Section 3. Then we establish the ergodicity and CLT in Section 4. The Poisson approx-
imation (Theorem 1.3) is established in Section 5. Finally, we prove Theorems 1.4 and 1.5 in Section
6.
Let us close the introduction with a brief description of the notation of this paper. For a Lipschitz
continuous function g : R - R, define

: g () —g(a)]
Lip(g):== sup —————
aberm azb |10 —all
where || - || denotes the Euclidean norm on R, and for j =1, ...,m, we define
|g(a) —g(b)]

Lip;(g) := sup
! aj#b; laj=bjl

s

where a; and b are the j-th coordinates of a and b respectively.

2. Preliminaries

In this section, we will first recall some basic facts on associated random variables. We refer to [27] for
more details on associated sequences.

Recall the definition of association in (2). Esary et al. [17] showed that the random vector X is asso-
ciated if and only if (2) holds for all bounded and continuous functions A1, h, that are nondecreasing
coordinatewise. Using approximation and dominated convergence theorem, in order to verify that X
is associated, it suffices to check that (2) holds for all %y, h; which are smooth, nondecreasing coordi-
natewise and have bounded partial derivatives.

Another concept of dependence is positive quadrant dependence. According to [21], a pair of random
variables X, Y are said to be positive quadrant dependent if

P{X<x,Y<y}-P{X<x}P{¥Y<y}=>0

for all x,y € R. For an associated random vector (X,Y), it is clear that the random variables X and Y
are positive quadrant dependent. Therefore, according to Newman [23, Lemma 3], for an associated
random vector (X,Y) such that both X and Y have finite variance, we have

[Cov(f(X), 8N < [1f lleollg"lleo Cov(X,Y), (7
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for C' complex valued functions f, g on R with f’, g’ bounded, where || - ||, denotes the sup norm
on R. Inequality (7) is known as Newman’s inequality. Bulinski [7] generalized (7) to Lipschitz con-
tinuous functions (see also [27, Theorem 6.2.4]). Moreover, according to Bulinski and Shabanovich
[8] (see also [27, Theorem 6.2.6]), letting (Y7, ...,Y,,) be an associated random vector such that each
component has finite variance, then we have for Lipschitz continuous functions f, g : R™ - R,

Cov(f (Y1, Ym) g (V1Y) € ) > Lip; (£)Lipe (g) Cov(¥;, Ye), (8)
j=1¢=

—_

where Lip; (f), Lip,(g) are defined at the end of Section 1. Inequality (8) generalizes [23, (12)], which
is a multivariate version of (7).

Another consequence of Newman’s inequality (7) is the following inequality for the characteristic
functions of associated random vector. Indeed, by [23, Theorem 1], for an associated random vector
(Y1,...,Y) such that each component has finite variance, we have for any real numbers rq, ..., ry,

m
iMooy 1Y 1
‘E[e@m%]_[ [E[e"7] <5 2, IrllrelCov(y;.xp). )
j=1 1<j,t<m
Jj#t

The study of central limit theorem for associated random sequences essentially relies on the above
inequality; see [23, Theorem 2]. We will see in Section 5 that inequality (9) also plays a crucial role in
the study of Poisson approximation for the Airy; process. In order to prove Theorems 1.4 and 1.5, we
need the following probability inequalities for associated random vectors.

Lemma 2.1. Let (Yy,...,Y,) be an associated random vector. Let y1,...,ym be real numbers. For
subsets A,B of {1,...,m},

P{Y;<y;,je AUB}-P{Y; <yj,je A}P{Yr < yi,k € B}

< Z Z (P{Yj <y, Yi <yi} =P{Y; <y;}P{¥x <yi}).  (10)

jeAkeB
As a consequence,
m
Py <yj1<j<mp-[ [Py <y
J=1
< > (P =y Ye <y -Pl <y P <y}). (D)
1<j<k<m

Proof. The proof of (10) is similar to that of [27, Theorem 1.2.2] (see also [20, Lemma 1]). We define
the random variables Z; = l{yj <y} for j=1,...,m. Itis clear that (Z,...,Z,,) is associated. Then
we can follow along the same lines as in the proof of [27, Theorem 1.2.2] to conclude (10).

Clearly, the inequality (11) holds with m = 2. Assume that the inequality (11) is true for m — 1. Then
for integer m,

m
PO <ypl<j<mi-| [P <y}

F—1
J=1
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=P{Y;<y;,1<j<m}-P{Y;<y;,1<j<m—1}P{Yy, <ym}

m

+PY; <y 1 <j<m= VP <ym} - [ [P <)}
j=1

-1

< (P{Yl SystmSym}_P{Yj Syj}l:‘{YmS)’m})

3

~.
Il
—_

+

Z (P{Y; <y;. Yk < yi} = P{Y; < y;}P{¥k < yi})

1<j<k<m-1

= Z (P{Y; <y, Yk <y} —P{Y; <y;}P{Yx < yi}),

1<j<k<m

where in the inequality, we have used (10) and the assumption for m — 1. Hence, we prove the inequality
(11) by induction. O

We next introduce some facts on the GOE and GUE Tracy-Widom distributions, denoted by F; and
F respectively. Let F| and F) be the derivatives of F} and F; respectively, which correspond to the
probability density functions of the GOE and GUE Tracy-Widom distributions. Recall from [1] (see
also [32,33]) that F| and F, can be written as

Fi(s)=F(E(s).  Fa(s)=F(s)%, (12)
where
1 o0 1 (o8]
F(s)=exp|-= R(r)dr|, E(s)=exp|-= q(r)dr|. (13)
2 Js 2Js
Here the (real) function g is the solution to the Painlevé II equation
q" =24 +sq,
that satisfies the boundary condition
()~ —ae B . (14)
§) ~ ————¢ ,  §—+o0.
q 2\/775,1/4

The function R is defined as R(s) = L “(q(r))2dr. Taking derivative in (12) and using the formulas in
(13), we have

Fi(5)= 3 F1(5) (R(5) +4(5)). (15)

According to the asymptotics of the functions g, R and F| as s — —co (see [1, (11), (12), (18)]), we
derive from (15) that the probability density function F| is continuous and bounded. Similarly, we have
F3(s) = F2(s)R(s), and use the asymptotics of the functions R and F, as s — —oo (see [1, (12), (16)]),
we deduce that the GUE Tracy-Widom distribution also has a bounded and continuous probability
density function




Moreover, in light of (14), we deduce that for all sufficiently large s,
I | _2,32 232
R(s) < ——e 3" rydr<e 3%,
0= e
Hence, we combine with (15) and (14) to obtain that there exists a constant C; > 0 such that
F|(s) Se_%sm, for all s > C. (16)

Furthermore, we see from [15, Theorem 1] that for fixed € € (0, %), there exists a positive constant C;
depending on € such that

e G+ 1 _F(5) <G99 foralls > C,. (17)

See also [1, (25), (26)] for the precise upper tail of GOE Tracy-Widom distribution.
Recall that T denotes the inverse function of s — 1 — F (s). The following lemma will be used when
we prove Theorem 1.3 in Section 5.

Lemma 2.2. Fix 1 > 0 and € € (0, %). There exist an integer Ny and a positive constant C both de-
pending on A and € such that for all z > Ny

T(A/2) - T(A/(z — 1)) > Cz~ e (18)

Proof. Taking derivative on both sides of the following identity
* Pl
/ Fl(s)ds=—, z>24,
T(1/z) z
we observe that for all z > A4

A

2F{(T(4/2) i

d

We can choose a sufficiently large integer Ny depending on A > 0 and € € (0, 2) such that
T(1/z) >Cy Vv Cy, forallz>Ng-1,

where Cy, C; are the constants in (16) and (17) respectively. Hence, by (19) and (16), we derive that for
all z> Ny —1,

[SSTNY

d A 2 32 A (Z\2 _ 246€
—T > Ze3(UTWIT) 5 2 (—) 3t€ = Oz e
(/)2 e 27 Cz 28e,

- =
where the second inequality holds by the first inequality in (17). Finally, the above estimate and the
mean-value theorem imply (18) O




Freodicity. CLT and maxi AL .

3. Association

We prove the association property of the Airy; process in this section. We first consider the stochastic
heat equation

NZ(t,x)=602Z(1,x) + %61/2Z(I,x)§(t ,x), 1>0,xeR (20)

subject to flat initial data Z(0) = 1 or narrow wedge initial data Z(0) = &¢. In the above equation, § is a
positive constant and & denotes space-time white noise. Chen et al. [11, Theorem A.4] have established
the association property for stochastic heat equation with general diffusion coefficient and initial data,
by showing that the Malliavin derivative of the solution is non-negative almost surely (see [11, (A.4)])
and then applying the Clark-Ocone formula and Ito’s isometry to show that the covariance

COV(h](Z(Il ’xl)$ e ’Z(tm ’xm)) 7h2(Z(t1 ,)Cl), . "Z(tm axm)))

is nonnegative for all /1, h, which are smooth, nondecreasing coordinatewise and have bounded par-
tial derivatives. Although the constants (depending on §) in equation (20) are different from those in
equation (1.1) of [11], Theorem A.4 of [11] ensures that the solution to (20) is associated.

Theorem 3.1 ([11, Theorem A.4]). For every fixed 6 > 0, the solution {Z(t,x) : (t,x) € Ry XR} o
(20) with flat or narrow wedge initial condition is associated.

Now we prove Theorem 1.2.
Proof of Theorem 1.2. For ¢ > 0, define
~ t
h(s(t,x)=4610gZ(t,x)+ﬁ, (t,x) € (0,00) X R, (21)

where Z(¢,x) is the solution to (20) subject to flat initial condition Z(0) = 1. It is clear that for each
6 > 0, the process hs = {hs(t,x) : (t,x) € (0,00) xR} is associated. Let h = {§(#,x;0) : (1,x) € (0, 00) X
R} be the KPZ fixed point (see [22]) with flat initial data. According to [30, Theorem 2.2(3)], as
§ — 0, the finite-dimensional distributions of 75 converge to those of f); see also [34, Theorem 1].
Since convergence in distribution preserves the association property (see (Ps) of [17]), we see that |
is associated. Moreover, because {(1,x;0) : x € R} has the same finite-dimensional distributions as
{213 A,(2723x) : x e R} (see [22, (4.15)]), we conclude that the Airy; process is associated. O

Proposition 3.2. The Airy; process {A,(x) : x € R} is associated.

Proof. The proof is similar to that of Theorem 1.2. Denote by {§(¢,x;dp) : (¢,x) € (0,00) X R} the
KPZ fixed point starting from narrow wedge at 0. Let /15(¢,x) be defined as in (21), where Z(z,x) is
the solution to (20) subject to narrow wedge initial condition Z(0) = ¢p. By Theorem 3.1, we know
that for each 6 > 0, the process {/s(t,x) : (t,x) € (0,00) X R} is associated. Theorem 2.2(3) of [30]
ensures that the finite-dimensional distributions of {/(z,x) : (¢,x) € (0,0) x R} converge to those of]
{b(t,x;0) : (t,x) € (0,00) xR} as § — 0. This implies that the process {§(¢,x;dp) : (t,x) € (0,0) X
R} is associated. In particular, the process {h(1,x;dy) : x € R} is associated and hence the process
{H(1,x;89) +x% : x € R} is also associated. Moreover, since the process {§(1,x;8) +x% : x € R} has
the same finite-dimensional distributions as the Airy; process {A(x) : x € R} (see [22, (4.14)]), we

conclude that the Airy, process is associated. . []




Remark 3.3. The association property of Airy processes can also be derived from last passage perco-
lation by extending the argument in [5, Lemma 3.2]; see also [4, Remark 2].

4. Ergodicity and CLT

We prove the ergodicity and central limit theorem for the Airy; process in this section. We first prove
the ergodicity.

Proof of Theorem 1.1: ergodicity. Chen et al. [10, Lemma 7.2] present a general criterion on the er-
godicity for stationary process, which has been modified to a variant by Balan and Zheng [3]. According
to Balan and Zheng [3, Lemma 4.2], in order to prove that the Airy; process is ergodic, we need to
verify that

k
1
lim — Var / G biA(x+{5) dx) =0, (22)
N o0 N2 ( [0,N] (Jz:; J )

for all integers k > 1, for every by,...,bg, {1,...,{x €R, and for G € {x > cosx,x > sinx}.
Notice that

%Var( /[O " G| i bi Ay (x + g,-))dx)

=1
=$/[ON]2dxdy COV( (Zb AL+ ) ) (Zb ﬂl(y+§,))) (23)

Since the Airy; process is associated, we apply the inequality (8) with Y; = A;(x + (j) for j =
kY= A (y+ L) for j=k+ 1,2k, F(yise o yak) = G(Eh. by ) and g (1, yar) =
G(Z?;le bj_kyj), to see that

k k

Cov( (Zb A +))), (Zb Ay +4)) ))sZZ|b,<||be|Cov(ﬂl(xw,-),ﬂl(ywe)).
j=1¢=1

Here, we also use the fact that Lip;(f) < |b| for 1 < j <k, Lip;(f) =0 for j =k +1,...,2k and

Lip,(g) =0for 1 <€ <k, Lip,(g) < |be_i|for £ =k+1,...,2k. According to [S, Corollary 2.2], there
exist constants ¢, ¢y, ¢y > 0 such that for all x € R,

Cov(A; (x), A1(0)) < ec¥ 3 Ix P <K(x):= cle‘szz.

Hence, the left-hand side of (23) is bounded above by

Supp < <kb k& k&
e Sk ZZ/[ONPK(X—”G—@MF sup b7 ZZ Ly «1y %K) (& - 20,
1¢=1 ’ Jj=

1<j<k 16=1
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where the function 1 is defined as 1 (x) = %1 [o,n](x) forx € R and 1n (x) =1y (=x). The function
1y * 1y * K is non-negative definite and hence maximized at the origin. Hence we have

v
— Var g(
N? ( [0,N]

which converges to 0 as N — oo. Thus, (22) is verified and we complete the proof of ergodicity. O

k

2 N
biﬂ1(x+§j))dx)§ sup b3 k> (1y + 1y K)(0) < sup bz.%/ K (x)dx
1 -N

= 1<j<k 1<j<k ’

Remark 4.1. We refer to [14,26] for the ergodicity of the Airy, process.
We proceed to prove the central limit theorem (1).

Proof of Theorem 1.1: CLT. We will apply [23, Theorem 2] (see also [27, Theorem 1.2.19]) to prove
the central limit theorem in Theorem 1.1. We can assume that the limit in (1) is taken along integers.
Denote

Xk = Ai(x)dx, keZ.
k

Since the Airy, process is stationary and A (0) has finite second moment, the process {Xj : k € Z} is
stationary and X has finite second moment. For each k € Z, let

n o
m_1 /
e —n;ﬂl(k+n), n>1.

Clearly, for each n > 1, the process {X IE") : k € Z} is associated. Moreover, since the Airy; process has

continuous sample paths (see [29]), we know that as n — oo, the finite-dimensional distributions of

{X,E") : k € Z} converge to those of {Xj : k € Z}. Hence, the process { X : k € Z} is associated.
In order to apply [23, Theorem 2], it remains to verify that

o= Z Cov(Xo, Xx)
keZ

is finite. Indeed, by the stationarity of the Airy; process,

1 k+1 1 k+1
o= ZCOV (‘/0 ﬂl(x)dx,/k &le(y)dy) = Z./o dX/k dy Cov(A; (x), AL (y))

keZ keZ
1
- / dx / dy Cov(Ay (x - y), A1 (0)) = / Cov(A (x) . A1 (0))dx,
0 R R

which is finite by [5, Corollary 2.2].
Therefore, all the conditions in [23, Theorem 2] are met and we conclude that as N — oo,

Xo+...+Xny_1 — NE[Xo] iN(O 0_2)
W b 9

which implies (1) ]
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Remark 4.2. (1) We can also apply [23, Theorem 2] to derive a discrete version of (1), that is, as
N — oo,

ﬂ1(1)+...+ﬂ1(N)—NE[ﬂl(O)] d 2
— N(O,
VN N

with 72 = ¥4 7 Cov(A; (k) , A1 (0)).

(2) One can apply the Berry-Esseen theorem for associated sequences (see for instance [27, p.15-16])
to obtain the rate of convergence in the central limit theorem for the Airy; process.

(3) Recall that {B(z,x;0) : (¢,x) € (0,00) X R} denotes the KPZ fixed point (see [22]) with flat initial
data. Using the scaling invariance property of the KPZ fixed point (see [22, Theorem 4.5(i)]) and (1),
we deduce that for fixed r > 0, as N — oo,

€L / : ((t,x;0) — E[B(.2:0)]) dx > N(0,2434352),
VN Jo

where o2 is the quantity given in Theorem 1.1. One may expect that a corresponding functional central
limit theorem in ¢ also holds.

Similarly, we can also establish the central limit theorem for the Airy, process.

Proposition 4.3. As N — oo,

1 N d 2
— (A2(x) — E[A2(x)]) dx — N(0,57),
VN Jo

where 5% = [L Cov(Ax(x), A(0))dx € (0,00).

Proof. The proof follows along the same lines as that of (1), applying [23, Theorem 2] with the station-
arity (see [26]), association (see Proposition 3.2) of the Airy, process and the fact that the covariance
of the Airy, process is integrable since the decay rate of Cov(A,(x),A(0)) is x~2 as x — oo (see
[36]). O

We conclude this section by another application of Newman’s inequality, which is used to study
the Lebesgue measure of the set x € [0, N] where A (x) exceeds a high level. The following result is
analogous to [10, Corollary 9.5], where the Poincaré inequality is used to estimate the covariance of the
solution to stochastic partial differential equation. In the context of the Airy; process, when it comes
to the estimate of covariance, Newman’s inequality plays the role as the Poincaré inequality.

Corollary 4.4. For @ € (0,3/4),as N — oo,

1 N 2 s
@ log (/0 l{sﬂl(x)>%(alogN)2/3}dx —1- 3% in probability. 24)

Proof. Choose and fix @ € (0,3/4). For N > 1, we define ay = %(a/ log N)2/3 and the two functions

Gn(z):=1A(z—an+1); and gn(2)=1A(z—an)+, z€R.
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Recall that P{A;(0) < s} = F1(2s), where F| denotes the GOE Tracy-Widom distribution function.
According to [15, Theorem 1], s73/2log P{A, (0) > %s} — —% as s — +oo. By stationarity of the Airy
process, we see that as N — oo,

N N
E/ en (A (x))dx = N3t 4pg E/ G (A (x))dx = NI-FaroD), (25)
0 0

Using Chebychev’s inequality, we have for any fixed € € (0, 1),

N N N
P” /0 on (A1 (x))dx — E /0 on (A1 (x))dy] > €E /0 gle(x))dx}

-2

N N
SVar( /0 gle(x))dx)e-zE /O on (AL )| . (26)

Notice that forall N > 1
N
Var( / on (%(x))dx) - / dxdy Cov(gn (A1 (1), gn (A1 (1))
0 [0O,N]?
< [Lip(gn)? / dxdy Cov( A1 (x) . A1 (1))
[0,N]?

=/ dxdy Cov(A;(x),A1(y)) SN/Cov(ﬂl(x),ﬂl(O))dx, 27)
[0,N]? R

where the first inequality holds by the association property of the Airy; process and (8), and the second
equality is because Lip(gn ) = 1. Hence, we substitute (27) into (26) to see that

N
> cE /O gw(ﬂl(x»dx}

N N
P{‘ /0 o (A1 (0)dx — E /O o (A1 (6))dx
< e 2NFa-lro(D) / Cov(A; (x),A;(0))dx.
R

Since a € (0,3/4), we obtain that as N — oo,

TN g (A1 () dx
E ;" gn (A (x0)dx

— 1 in probability.

Taking logarithm and using (25), we conclude that as N — oo,

tog (5" gw (A1 (1) dx)
log N

—1- 50/ in probability.

Similarly, we can prove that as N — oo,

tog ()i G (71 (1) dx)

—1- ga' in probability.

log N
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Remark 4.5. The convergence in (24) also holds almost surely. This follows from a standard sub-
sequencing and sandwich type argument (see the proof of [16, Theorem 2.3.9]). We omit the details
here.

5. Poisson approximation

We prove Theorem 1.3 in this section. The proof of Theorem 1.3 is based on inequality (9) and some
standard arguments; see [24, Theorem 11] for a general result on limit theorems for sums of associated
variables.

The indicator function in (4) is not Lipschitz continuous. In order to apply the inequalities (8) and
(9) to derive the Poisson limit theorem, we will first approximate the indicator function in (4) by a
Lipschitz continuous function. Fix 4 > 0. For N > 2, we introduce the function

(z= 3T(A/N))+
[T(4/(N +1)) = T(2/N)]/2’

gn(m)=1A Z€R, (28)

where we recall that T denotes by the inverse function of s +— 1 — F(s). It is clear that for all N > 2,
gn(2) < L1701/ ,e0) (z) <gn-1(z), forallzeR, (29)

and

2
T(A/(N+1)) =T(A/N)’

Lip(gn) = (30)

We first prove the following result on Poisson approximation for the Airy; process.

Proposition 5.1. Fix 4 > 0. Let g be defined as in (28) for N > 2. Let {xx n}n>1,1<k<n C R satisfy
the condition in (3). Then, as N — oo,

N
d .
Z gn (A (xg,n)) — Poisson(). 31)
k=1
Proof. Step 1. Let U; n,...,Un n be independent random variables, each having the same distribu-

tion as gn (A1 (0)) (for this, we can enlarge the probability space if necessary). The first task will be
to show that

N
Z Uk.N i> Poisson(1), as N — co. (32)
k=1

Notice that the law of the family of the random variables Zszl Uk N, N > 1is tight. This is because
that by the definition of g in (28),

N
sup E| ) Ug.n | = sup (NE[gn (A1(0))]) < sup (NE |11 (@ Oon|) =2,
N>1 ; N>1 Nzl( [ (3T(A/N),0) ])

where the first inequality is due to the first inequality in (29). Thus, in order to prove (32), it suffices to
prove that the moment generating function o N converges to that o i
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For 0 € R, define
én (6) =E [e—"gﬂf‘ﬂo))] and ®p(6) :=E [e-"ZiV:l Uk,N] — (on (0N .

Thanks to (29), for all 8 > 0, we have

_A AL A g
on(0) =E —Ne +(1 N)—l N(l e’ ),

-61 A0
. (%T(A/N)’M( 1( ))] A

and

-61 (A1(0)) A
9) <E (3T (N+1)),00) =1- 1—e 9.
ON(0) < [e v

This leads to that for all 6 > 0,

1’11—9N<<1>9<1/11—9N 33
(—ﬁ(—e )) < N()—(_m(_e ))~ 33)

Letting N — oo, we obtain that for all 6 > 0,
lim @y (g) = A1),
Ninoo N( ) ¢

The above display also holds when 6 < 0 by switching the first and third terms in (33). This verifies
(32).

Step 2. We proceed to compare the characteristic functions of ZkN:] 8N (A (xk,n)) and chvzl Uk.N-
First, we have for all 8 € R,

)E [eie P gw(ﬂl(xk,m)] _E [eiez’kﬁl Uk,N”

N
E[eiiiil egN(ﬂl(xk,N»] _l—[ [eiegle(xk,N))] ' (34)

k=1

Since the Airy; process is associated and gy is a nondecreasing function, the random vector
(en(A1(x1,N)),....eN (A1(xn,N)) is associated. Clearly, each component of this random vector
has finite variance. Hence, by (9), we have for all 6 € R,

N
E [eiz,{il ogw(ﬂ1<xk,N>>] _ HE [eiagle(xk,N))]
=1

1
<3 Z 0% Cov(gn (A1 (xj,N)),gn (A1 (Xk,n)))
1<j,k<N
j#k
1
Sz[Lip(é’N)]zé’2 Z Cov(A(xj n), A (xk,N))s (35)

1<j,k<N
Jj#k
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where the second inequality is due to (8). According to [5, Theorem 1.1], there exists a positive constant
¢’ such that for all x, y € R with |x — y| > 1,

Cov( A (x), Ay (y)) < e Pl (36)
Thus, a combination of (34), (35) and (36) yields that for all § € R,

)E [ei9 SN en (A (xk,N))] -E [eie =N Ukn ”

9— [Lip(gn)]? Z o< 1N =xi N 1P o= F Ixj N N 1P 37)
2 1<j,k<N
j#k

for all sufficiently large N.
Under the assumption (3), there exists @y > 0 such that for all sufficiently large N

. L 1/3
1S}1;}<nSN |xj,~v —xk,n| = (BlogN) 7 (1 +a). (38)

Choose and fix € € (0, ) such that 4(1+a;)> > 2+ 2(2%266) Furthermore, we can choose a sufficiently

small number a; € (0, 1) such that

2(2 +6¢)

2+3e G%

4
3(5 —m)(1+a))’>2+
We first derive from (37) that for all sufficiently large N,

2
‘E [619 ZgzlgN(%(Xk,N))] _E [eiHZ,’(V:l Uk,N” < a—[Lip(gN)]z Z o~ (3-a)lxj v —xin P
2 1<j,k<N
Jj#k

[Llp(gN)]2N2 —($-@) minj<jzpen Ixj,N— ka|3

N|°R,

Then, by (30) and Lemma 2.2, for all sufficiently large N,

’E [eiezllil gN(ﬂl(Xk,N))] _E [eiezi":l Uk,N”

246 .
$C292N2(N+1) (2:3: e —($—ax) min| jppen |xj, N =Xk N P

< CPPNA(N +1) 55 N3 G-a)(ran® (38
which implies by (39) that for all § € R,

lim |E [ei9 SN en (A (Xk,N))] _E [eiﬁ’ SN Ukn ] | =0. (40)

N —oo

Therefore, we complete the proof of (31) by (40) and (32). O
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Proposition 5.2. Fix A > 0. Let g5 be defined as in (28) with N replaced by N — 1 for N > 2. Let
{Xk.N}noricxen C© R satisty the condition in (3). Then, as N — oo,

N
d .
gn-1(A1(xk,n)) — Poisson(Ad). 41)
=1

Proof. The proof follows along the same lines as that of Proposition 5.1. One just needs to replace gn
by gn-1- O

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. This is an immediate consequence of Propositions 5.1, 5.2 and (29). [

6. Asymptotic behavior of the maximum

In this section, we prove Theorems 1.4 and 1.5. We start with the following estimate on the upper tail
probability of the maximum of the Airy; process.

Proposition 6.1. There exists a positive constant C such that for all M > 2

P{ max A, (x) > M} < € M4 @NDM+VEM o~ VM2, (42)
0<x<l1
and it holds that
i logP {maxg<x<1 A1 (x) > M} _ _‘_l\/j (43)
Msco A43/2 3

Proof. Because P{maxp<,<; A (x) > M} = P{A;(0) > M}, the equality (43) follows immediately
from the estimate (42) and the asymptotic behavior of the GOE Tracy-Widom distribution (see [15,
Theorem 1]). In order to prove (42), we recall from [29, Theorem 4] that

P{ max Aj(x) >M}=1—P{ max Aj(x) SM}:l—P{ﬂl(x) <M,forallx e [0,1]}
0<x<1 0<x<1

=1 — det (1 — By +AS ]e*ABO)

(0.1 (44)

n®’

where in the Fredholm determinant, the kernel Afo 1 has the formula given by (1.15) of [29] with
g =M on [0, 1] and the kernel By is given in terms of the Airy function (see the equality below (1.5)
of [29]).

We will adopt the method in the proof of [29, Proposition 2.3(a)] to estimate the above tail probabil-

ity. We introduce the operator U (depending on M) as

Uf(x)=e VM f(x).
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Let ¢(z) = V1 + z2 and write

Virg) = (8= A% ) (e (e M,
W(z,y) = (C_ABO) (2.y)p(z) e VPMzeVIMy
Then

U (BO - A'\?’O’]]e_ABO) Ul =vw.

We will estimate the Hilbert-Schmidt norms ||V||, and ||W]|, and the use the inequality [|[VW]|; <
[IVII2]lW]l> to give an upper bound on the trace norm ||[VW]|;.

We first estimate ||W||». Denote by Ai the Airy function and ||¢~!||5 the L?>(R)-norm of ¢~!. Using
(1.9) of [29], we write

4
e—§+2(V2M—1)(x+y) ) ~ oy ~ '
W= [ ety iy e 02 = I RO iy 4Ry

= llp™ [Fem5202M D / "Dy,

—00

By the estimate (2.19) of [29] on the Airy function, we have for all M > 2

0 S
”Wlli < C||g0_1||§e_%_2(m_l> (/ eZ(VZM—l)ydy+/ eZ(VZM—])y_§y3/2dy)

—00 0

< (VZM - 1)2e 2(V2M =) 3 (V2M-1)? (45)

where the second inequality holds by Lemma A.1 in the supplementary material [28].
We proceed to estimate ||V||,. We use the formula (1.15) of [29] to write

(x—

)2 R
Vix,y) = Me‘ 7 ‘W("”'Y)P,;(O):x,,;(l):y (b(t) > M for some ¢ € [0, 1]),

an

where b denotes a Brownian bridge from x at time O to y at time 1 with diffusion constant 2. This
probability equals e=*~M)(=M) if x < M,y < M and 1 otherwise (see line one on page 621 of [29] or
page 69 in [6]). Hence,

2
o~ O VBM (x43)~(x-M) (y—M)]

1
WB=g [ ay(es?)
T J(—c0,M ]2

1
+ —
4r RZ\(_M,M]Z

2
dxdy (1+y%) [e” o —W(Hy)]

=h+hL+13+ 1y,

where

L= drdye" (x}y)z—2\/2M(x+y)—2(x—M)(y—M)’

T ALI2
o (=00, M}




L= 1 dxdy y2e x)? ~2V2M (x+y)=2(x-M) (y=M)
47T (—oo,M]z

I = L dxdye” (x;y)z —2V2M(x+y)’
4 Rz\(—oo,M]z

Iy = 1 dxdy y?e~ (x72y>2 ~2V2M (x+y)
4r R2\(—oo,M]2

Using change of variable [x - x+ M,y — y + M],

o VEMP

2
I =—— / dxdy e_%_szM(x*')’) < CQCSMC—4\/§M3/2 (46)
A Jewop

for all M > 2, where the inequality holds by Lemma A.2 in the supplementary material [28]. Similarly,
using the inequality (a + b)? < 24> + 2b?,

o—V2M3

x+y)?
[2 - / dxdy (y + M)ze—( Zy) —2V2M (x+y)
4r (=0,0]2

NIV

x+y)?
< 2M2]l + € . / dxdyyze_( zy) —2V2M (x+y) < C§M268M6_4\F2M3/2 a7
T (~0,0]?

for all M > 2, where the second inequality holds by (46) and Lemma A.3 in the supplementary material
[28].
We move on to estimate /3 and /4. We use change of variable [x — x + M,y — y + M] to see that

e—V2M3/2

ey)2
I3 = —/ dxdy - U2V () ¢ ciWe“Me_“‘/iMS/z (48)
4 Rz\(—oo 0]2

for all M > 2, where the inequality holds by Lemma A.4 in the supplementary material [28]. It remains
to estimate I4. By change of variable [x = x+ M,y — y + M],

—4\IM3)? e
L= / dxdy (y+M)Ze_( 2 -2V2M (x+y)
R2\(-00,0]?

4n
o—HV2M32

2r

ey)2
<2M°I3+ / dxdy yze‘( 2= -2VIM (x+y) < C;M5/264Me—4\/§M3/2 (49)
R?\(=0,0]2

for all M > 2, where the second inequality holds by (48) and Lemma A.5 in the supplementary material
[28].

Now we combine the estimates (45), (46), (47),(48) and (49) to see that there exists a constant C’ > 0
such that for all M > 2,

||V||§||W||§ < C’ M2 (8-2V)M (3 (V2M-1)°~4V2M3/? _ C/6—2/3M7/26(4—2\/§)M+2\/We—%\EMWZ,

which implies that for all M > 2,

VW1 < IVILIIW I, < Ve B M4 @-VDMVIM o= 3V2M 2 (50)
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Thus, U(Bg — Afo 1]e_ABO)U ~1 is a trace class operator on L?(R) and we deduce from (44) that

P{ max A (x) > M} =1 —det (1 —U(Bg - Af‘o l]e’ABo)U’l)

0<x<l L2(R)
=1—det(I VW) o) < [VW]l1elVW I+, (51)

where the inequality follows from (3.1) of [29]. Therefore, we conclude from (50) and (51) that there
exists C > 0 such that for all M > 2,

P{ max A (x) > M} < C M7/4eVDM+2M = 5V2M3)2
0<x<l1

The proof is complete. O

Remark 6.2. We remark that another asymptotics on the probability that the Airy; process stays below
a given threshold ¢ for a time span of length L is investigated in [18].

Before we prove Theorem 1.4, we present a probability inequality for the Airy; process: there exists
a constant K > 0 such that for all x,y € R,

sup (P{A(x) <5, A1 (y) <1} = P{A1(x) < s} P{A(y) <1}) < K [Cov(A (x), Ar(y)]'? .

s,teER

(52)

The above inequality follows from [27, (6.2.20)] (see also [27, Theorem 6.2.15]) because the Airy| pro-

cess is associated and its one-point distribution, i.e., the GOE Tracy-Widom distribution has bounded

and continuous density and finite second moment.
We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. We first show that almost surely

liminf > =
N -0 (log N)2/3 2

maxg<x<n Ar1(x) _1(3 23 (53)
5 .

Let 8 be a positive number that is strictly less than % Choose and fix a,e € (0,1) (a close to 1 and €
close to 0) such that

- 3a
2(1+€)”

B (54)

Define x; = jN/[N¢] for j=1,...,[N%]. Here the notation |x] denotes the largest integer which is
less than or equal to x. By the stationarity of the Airy; process,

P{ max .?Il(x)sé(ﬂlogN)z/}}sP{ max ﬂl(xj)sé(ﬁlongB}

0<x<N I<j<|IN4|
o e e < Lerogm - T Plaucep < Lisrogm
1<j<|N4| ) i )

| LN“)
+ (P {5’{1(0) < E(ﬁlogzv)m}) .
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Since the Airy; process is associated, by (11), we see that

1
P < ~(Blog N 2/3
{OgixN%(X)_ 5 (BlogN) }

< 3 (Pl < jwoen e < fs0en|
1<j<k<|N9| 2 2

~p{ati(x) < 5108 {0 < S10em

| LN“]
+ (P {ﬂl(O) < E(ﬂlogN)2/3}) .

We apply (52) to deduce that

1
P < —(B1 2/3
{Ogcengﬂl(x) < 2(/3 ogN) }

LN]
<K Y [Cov(ﬂl(xj),ﬂl(xk))]1/3+(P{ﬂl(O)S%(ﬂlogN)zB}) . (55)
1<j<k<|N4]

We can assume that N is sufficiently large such that N/| N¢| > max{1, 3¢’} with ¢’ being the number
in (36), [N?] > N*/2 and (Blog N)23 > C,, where C; is the constant in (17). Hence, by (36),

1 < [N9]
P{ max Aj(x) < E(ﬁlogN)z/S} <K Z 5 ik P o= gl +F ((ﬁlogN)2/3)
OsxsN 1<j<k=|[N4]

<K Z e_%lxj—Xk|3+(] —e_%(1+6),310gN)LNaJ
1<j<k<|N<4]

(l+€)B+a

i

2 2
_1n33-a) _N3UreB _1n30-a) _1INT3
< KN 3N 4oV IN“) < KN4 3N 4 g2V 3

where in the second inequality, we use the first inequality in (17), and in the third inequality, we use the
fact 1 —x <e™ for all x > 0. Since —%(1 +€)B+a > 0 by (54), we conclude that

[s]

1
Z P{ max Aj(x) < —(ﬁlogN)zB} < 00,
& \osx=N 2

Therefore, Borel-Cantelli’s lemma implies that almost surely,
maxg<y<n Aq (x)

1
lim inf > -3,
N >0 (10gN)2/3 2ﬂ

The above liminf is taken along integers. By the monotonicity of maxg<y <y Aj(x) in N, we see that
the preceding also holds when the liminf is taken along real numbers. Finally, by letting 8 T %, we
obtain (53).

We turn to proving that almost surely

maxg<x<n Aq(x) < 1 (%)2/3
<3 .

lim su
p (looN)2/3 2
N —oo UVs1v) \=/

(56)
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Let y be a positive number that is strictly larger than —3_ . Choose and fix € € (0, 1) such that

42
1
Nie

For this fixed € € (0, 1), Proposition 6.1 ensures that there exists constant C; > 0 depending on € such
that

y> (57)

P {Omaxlﬂl(x) > M} < e_(%‘ﬁ_f)”pﬂ, for all M > Cj. (58)
<x<

Assume for the moment that N is a sufficiently large integer such that (ylog N)%/3 > C; with C; being
the constant in (58). By the stationarity of the Airy; process,

P{ max Ap(x) > (ylogN)2/3} =P{U§.V:1 { max  Ap(x) > (ylogN)3/2}}
J

0<x<N Jj-1<x<
< NP{ max A (x) > (ylogN)2/3}
0<x<1

< Ne—(%\/i—e)ylogN :Nl—(%\ﬁ—e)y’

where the second inequality follows from (58). Since (‘3—‘ 2—¢€)y > 1 by (57), letting N =2, we obtain
that

ZP{ max Aj(x) > (ylogZ”)2/3} < 00,
n=1

0<x<2n

which implies that almost surely

. maxo<y<on A1(x) 553
imsup
oo (log 2n)2/3

by Borel-Cantelli’s lemma. Since the quantity maxg<y<py Aj(x) is monotone in N, we obtain that
almost surely

fim sup maxo<x <y A1) _ o3
N oo (log N)2/3

Letting y | ﬁi’ we prove (56).
Theorem 1.4 follows from (53) and (56). O

We proceed to prove Theorem 1.5. Recall from [15, Theorem 1] that for € € (0, 1), there exists a
positive constant C; depending on € such that

e G5 cpraA, (0) > 5) <eG-95 foralls> 6. (59)
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see from [27, (6.2.20)] (see also [27, Theorem 6.2.15]) that there exists a constant K > 0 such that for
all x,y € R,

sup (P{7Aa(x) < 5.75(3) < 1) =P {Aa() < 5} P{7a(y) < 1) < K [Cov(Fa(). Ao (3))]'1*
’ (60)

Now we start the proof of Theorem 1.5.

Proof of Theorem 1.5. We first prove the lower bound in (6). The strategy is similar to that of the proof
of (5), using the association property of the Airy, process, the asymptotic behavior of the covariance
of the Airy; process and the tail distribution of the GUE Tracy-Widom distribution.

Let 3 be a positive number that is strictly less than 4—1‘. Choose and fix a € (0, %), € € (0, 1) such that

(61)

Define x; = jN/|N¢] for j=1,...,| N“]. Then by the stationarity of the Airy, process,

P{oina}NﬂZ(x) < (BlogN)2/3} < P{ max  Ax(x;) < (ﬂlogN)z/S}

I<j<|N4]
2/3 s 2/3
:P{lsjrgathaJﬂz(xj)s(ﬁlogN) }— B P{ﬂz(xj)g(ﬁlogN) }

+ (P {ﬂz(O) < (mogzv)w})wJ :

We can assume that N is sufficiently large such that [N¢] > N%/2 and (Blog N)?/3 > CJ, where C] is
the constant in (59). Since the Airy; process is associated (see Proposition 3.2), by (11), we see that

P {OgCaSXN As(x) < (Blog N)2/3}

< 3 [Pl < e a0 < (B10em?P)
1<j<k<|N¢]

- [ Aa(a)) < (BlogM| P { A < (proe N

+(1—P{ﬂ2(0)>(ﬁlogN)2/3})LNaJ
<k Y [COV(ﬂz(x,),ﬂz(xk))]‘/3+(1—P{mZ(O)>(ﬁlogzv)2/3})LNaJ, (62)
1<j<k<|N<|

where the second inequality holds by (60). Moreover, since the decay rate of the covariance Cov(A (x),
A>(0)) is x2 as x — oo (see [36]), we deduce that

. \ LN
p A < (BlogN 2/3 <K’ _+ (1 - 7(§+e),810gN)
{O;I}VaSXN Z(X) (ﬁ Og ) 1es ZI Aa | |'xk _x’|2/3 )
1 |

SP<K=[1v
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die
<K'N3@D _ L e venT s
1<7 |k - j|2/3
<j<k<|N4]
where we have used (59) in the first inequality and 1 —x < e™ for all x > 0 in the second inequality.
Because for integer m > 2,

m k-1 m k-1 kldx s o 9 43
Zz(k )23 szz/s —Z/ 3Z(k < / Bdx = Zm*
k=2 j=1 k=2 j=1

we conclude that

’ a—(%+e
P{ max ﬂz(x)s(ﬁlogzv)w}s9£N§(a—‘>+‘s‘a+e—%“’ i
0<x<N 4

Letting N =2", we obtain that

9K’ (a-($+e)p)n
P{ max Ap(x) < (,810g2”)2/3} < 2B p-3(=3apn | =523 ,
0<x<2n 4

Since a < % and a > (% + €)B (see (61)), we see that

(o]

ZP{ max Ap(x) < (,810g2")2/3} < oo
0<x<2n

n=1
Hence, by Borel-Cantelli’s lemma, we have almost surely,

.. maXg<y<on Ap(x)
liminf

> 3.
n—oo (log2m)2/3

A monotonicity argument yields that almost surely,

.. omaxp<x <y Ao (x)
liminf
N - (log N)Z/3

> 23,

Letting BT le we obtain the lower bound in (6).
We proceed to prove the upper bound in (6). By [9, Corollary 1.3] and stationarity of the Airy;
process, there exists a positive constant sg such that

s2

supP| sup |Ary(x+y) —Ar(x)|=s|<e 16, foralls>sg. (63)
xeR  \0<y<2

Let y be a positive number that is strictly larger than %. Choose and fix § € (0,1) and € € (0,1) such
that

(g—e)a%«p 1. (64)

Assume N is sufficiently large so that

S(ylogN)??>C, and (1-06)(ylogN)*? > s,
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where the constants C, and sq are given in (59) and (63) respectively. By the triangle inequality and
stationarity of the Airy, process,

P(o;?i’éN Fo) 2 <ylog<2N))2/3) <P (U5 {Aa(2)) 2 5(y og(2n)) )

+P (Uj'v—] sup  |[FAx(y) - A2( - 1) = (1 - 5)(710g(2N))2/3)
ye[2(j-1),2j]

sNP(ﬂz(O)za<ylog<zN))2/3)+NP( sup Iﬂz(y)—ﬂz(O)l2(1—5)(710g(2N))2/3)
y€[0,2]

3 _52 3 _5)2
< Ne~(3-€)8271062N) | no= 1585 (rlog NP _ (o N=(§-€)62 41 =25 (ylog N )

where the last inequality follows from (59) and (63). Letting N = 2" and because of (64), we obtain
that

ZP( max A(x) = (ylog2"+1)2/3) < 00,

0<x<2n+l
n=1

which implies that almost surely,

maxgc , <on+ Az (x) <2

lim su
n—>oop log 21+l

thanks to Borel-Cantelli’s lemma. Appealing to the monotonicity argument again, we conclude that
almost surely,

maxo<x<y Az (x) _ 23

)
e T log N

Letting y | %, we obtain the upper bound in (6).
The proof is complete. O

Remark 6.3. The approach for the lower bounds in Theorems 1.4 and 1.5 essentially depends on the
decay rate of the covariance of the Airy processes; see (55) and (62). The exponential decay rate of the
Airy | process established in [5] leads to the desired lower bound in Theorem 1.4, while the polynomial
decay rate of the Airy, process established in [36] results in a non-optimal lower bound in Theorem
1.5. The precise limit of the growth of maximum of the Airy, processes is proved in a recent work
[4, Theorem 1.1(i)] using last passage percolation after this paper appeared as preprint, and a different
proof of Theorem 1.4 is given in [4, Theorem 1.2(i)]. See also [4, Theorem 1.1(ii) and Theorem 1.2(ii)]
for the asymptotics of minimum of Airy processes.
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