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We present a multidimensional extension of Kellerer’s theorem on the
existence of mimicking Markov martingales for peacocks, a term derived
from the French for stochastic processes increasing in convex order. For a
continuous-time peacock in arbitrary dimension, after Gaussian regulariza-
tion, we show that there exists a strongly Markovian mimicking martingale
1t diffusion. A novel compactness result for martingale diffusions is a key
tool in our proof. Moreover, we provide counterexamples to show, in dimen-
sion d > 2, that uniqueness may not hold, and that some regularization is
necessary to guarantee existence of a mimicking Markov martingale.

1. Introduction. Given a finite set of probability measures on R? that are increasing
in convex order, Strassen [42] showed in 1965 that there exists a Markov martingale whose
marginals coincide with the given probability measures. We call this latter property mim-
icking. For a family of measures indexed by continuous time that are increasing in con-
vex order, also called a peacock (Processus Croissant pour I’Ordre Convexe), Kellerer [28]
proved in 1972 that there exists a mimicking strong Markov martingale in dimension one. The
questions of continuity and uniqueness for Kellerer’s mimicking martingale remained open
until the work of Lowther [32, 33, 34, 35, 36] completely clarified the situation. Lowther
showed that, in dimension one, there exists a unique strong Markov mimicking martingale
and, moreover this process has continuous paths when the peacock is weakly continuous and
the marginals have convex support. It is also known that the strong Markov property is re-
quired to obtain uniqueness; Beiglbock, Lowther, Pammer and Schachermayer [4] construct
a one-dimensional continuous Markov martingale whose marginals coincide with those of
Brownian motion but which does not have the strong Markov property.

While the problem of finding mimicking Markov martingales is thus very well under-
stood for one-dimensional peacocks, the higher dimensional case has remained wide open,
although 50 years have passed since the publication of Kellerer’s result. In this paper, to the
best of our knowledge, we provide the first known multidimensional extension of Kellerer’s
theorem. Given a peacock on R, we show that, after some Gaussian regularization, there
exists a strongly Markovian martingale It6 diffusion that mimics the regularized peacock.

To prove our result, we construct a martingale Itd diffusion that mimics the regularized
peacock on the dyadics, and then pass to a limit in finite dimensional distributions. In order
to take such a limit, we prove a compactness result for martingale 1t6 diffusions.

Additionally, we show that uniqueness does not necessarily hold in higher dimensions.
We consider an example of a martingale It diffusion studied by Robinson [38] and Cox—
Robinson [8], and we show that this martingale mimics the marginals of a two-dimensional
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Brownian motion, while itself not being a Brownian motion. We also show, by means of
counterexamples, that the Gaussian regularization is necessary to guarantee the existence of
a mimicking Markov martingale.

For 7 > 0, let 4" denote the centered Gaussian law on R? with covariance 7id, and let *
denote the convolution operator between measures. Our main result is the following.

THEOREM 1.1 (existence of mimicking martingales). Let (Mt)te[o,l] be a weakly con-
tinuous square-integrable peacock on R%. Fix §,¢ > 0 and, for each t € [0,1], define the
regularized measure py == pi; * ~(t+0) Then there exists a strongly Markovian martingale
116 diffusion (M), [0,1) mimicking the regularized peacock (juf).e(o,1]-

More precisely, there exists a measurable function (t,x) — oy(x) on [0,1] x R?, taking
values in the set of positive definite matrices such that, on any probability space (2, F,PP)
supporting a standard R%-valued Brownian motion (Bt)te[o,l} and an independent random
variable & ~ pg, the martingale M satisfies

(11) th:O't(Mt)dBt, M():f

The map (t,x) — o(x)? = o¢(x)oy(x) " is locally Lipschitz continuous in the variable ,

uniformly in t € [0,1] and, for every x € RY, there exist constants c,,Cy > 0 such that, for
t € [0,1], we have the bounds

cpid < Ut(x)2 < Cpid.

Moreover, the martingale M is a Feller process.

Note that, in particular, the mimicking martingale that we construct in Theorem 1.1 is
continuous and strongly Markovian. A key ingredient in the construction of this mimicking
martingale is the following result that allows us to pass to limits of martingale It6 diffusions,
the details of which are presented in Section 5.

THEOREM 1.2 (compactness of martingale It diffusions). A set of martingale It6 diffu-
sions satisfying Assumptions 5.1 (Al)—(A5) is precompact in the set of martingale It6 diffu-
sions with respect to convergence in finite dimensional distributions.

Our next main result is that, in dimension d > 2, mimicking martingales of the form (1.1)
may not be unique.

THEOREM 1.3 (non-uniqueness of mimicking martingales).  Let (Bt);c(o,1) be a standard
Brownian motion on R? with initial law Law(By) = 1, where 1 is rotationally invariant with
finite second moment. Define a peacock . by p, = Law(By), fort € [0, 1].

Then there exists a continuous strongly Markovian martingale diffusion (Mt)te[o,
form (1.1), that is not a Brownian motion, such that Law (M) = uy, for all t € [0,1].

1) of the

We further construct a series of counterexamples in dimension d = 4 which show that,
without regularization, Theorem 1.1 does not hold in full generality, even without imposing
continuity of the mimicking martingale, let alone the It diffusion property.

THEOREM 1.4 (necessity of regularization). There exists a weakly continuous square-
integrable peacock ()0 on R* such that, for the peacock (s * v)¢>o, there exists no
mimicking Markov martingale.
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While previous authors have considered the problem of finding mimicking martingales
in general dimensions, to the best of our knowledge the present work is the first to pro-
vide a multidimensional extension of Kellerer’s theorem. Prior to Kellerer’s work, Doob [15]
proved the existence of mimicking martingales taking values in an abstract compact space
in continuous time, but notably did not consider the Markov property. More recently, Hirsch
and Roynette [23] proved existence for continuous-time peacocks on RY, d > 1, with right-
continuous paths, again without the Markov property.

Juillet [25] considered generalizing Kellerer’s theorem in two different directions, first
showing that when a peacock on R is indexed by a two-parameter family with some partial
order, mimicking martingales may not exist at all. Moreover, [25] provides an example of
a peacock on R? for which there exists no mimicking martingale that additionally satisfies
the so-called Lipschitz Markov property, defined in [25, Definition 6]. The Lipschitz Markov
property implies the Feller property and, for cadlag processes, the strong Markov property;
see [35, Lemma 4.2]. The key property of the class of cadlag Lipschitz Markov processes
is compactness with respect to convergence in finite dimensional distributions, as shown in
[35, Lemma 4.5]. On the other hand, it is well known that the class of Markov martingales is
not closed with respect to this mode of convergence; see, e.g. [3, Example 1]. All proofs of
Kellerer’s theorem that are known to us make use of the compactness of Lipschitz Markov
processes; see, e.g. [3, 24, 28, 35]. In light of the result of [25], the notion of Lipschitz Marko-
vianity does not lend itself well to the higher-dimensional problem. In its place, we consider
a class of Feller processes that are martingale It6 diffusions with particular properties. We
show in Theorem 1.2 that this set of processes is compact with respect to convergence in
finite dimensional distributions.

We have seen that, in dimension one, uniqueness holds in the class of continuous strong
Markov mimicking martingales when the marginals of the peacock have convex support.
Theorem 1.3 shows that strong Markovianity is not sufficient to guarantee uniqueness in
higher dimensions, by exhibiting a continuous two-dimensional strong Markov martingale
with Brownian marginals that is not itself a Brownian motion. The question of the existence
of martingales distinct from Brownian motion that have Brownian marginals goes back to
Hamza and Klebaner [21], who showed that such a fake Brownian motion with discontinuous
paths exists in one dimension. As already mentioned, the culmination of this one-dimensional
investigation was the construction [4] of a continuous Markovian fake Brownian motion. Of
course Brownian motion is the unique continuous strong Markov martingale with Brownian
marginals in one dimension. In two dimensions however, we show in Theorem 1.3 that there
exists a fake Brownian motion that is continuous and strongly Markovian.

We remark that the mimicking martingale of Theorem 1.1 is an It6 diffusion process with
Markovian diffusion coefficient. Finding mimicking martingales of this form has also re-
ceived extensive interest since the work of Krylov [29] and Gyodngy [20]. In fact we twice
apply a more recent result of Brunick and Shreve [7] on mimicking Markovian diffusions in
our construction in Section 2.

For a more detailed review of the existing literature, we refer the reader to the surveys
of Hirsch, Roynette and Yor [24] and Beiglbock, Pammer and Schachermayer [5], and the
references therein.

The structure of the present article is as follows. In Section 2, we construct a strongly
Markovian mimicking martingale It6 diffusion, thus proving Theorem 1.1. We then prove
Theorem 1.3 in Section 3, by providing a counterexample to uniqueness of mimicking mar-
tingales. We present further examples in Section 4, which show that existence may fail with-
out regularization, thus proving Theorem 1.4. Finally, in Section 5, we prove the compactness
result Theorem 1.2 for martingale It diffusions, which is key to the proof of Theorem 1.1 in
Section 2.



We introduce some notation and terminology that will be used throughout the paper. The
notation | - | represents the Euclidean norm on R¢, and Bp denotes the closed ball with
radius R > 0 centered at the origin. We denote by P»(R?) the set of probability measures
on R¢ with finite second moment. We denote by FX the natural filtration of a stochastic
process X, enlarged as necessary to satisfy the usual conditions. For measures u, v, we write
1 = v to denote that 1 is dominated by v in convex order; i.e. for any convex function f,
J fdu < [ fdv. A family of measures (y).er is called a peacock if it is increasing in the
convex order.! We say that a process (X;)se; mimics (ut)iey if Law(X;) = g forall t € I.

For matrices A, B € R?*¢ the notation A < B denotes that the matrix B — A is pos-
itive semidefinite. When working with matrices, we will always use the Hilbert—Schmidt
norm (also known as the Frobenius norm): for A € R™?, we write ||Al| = Tr(AAT) =
ZZ =1 A?j = Z?Zl A?, where \; are the eigenvalues of A. We further denote the square
matrix A:= AAT.

2. Construction of a mimicking martingale. Let d > 2 and let (11t),¢(0,1] be a weakly
continuous peacock in Po(R%); ie. uy, =< g, for all tg < 4, SUPye(o,1] [z>pe(dz) =
[1z*p1(dz) < oo, and t — [ fdp is continuous for any bounded continuous function f.
Fix §,e > 0 and define the regularized peacock u" by

(2.1 iy = g * 76(t+6), t€[0,1].

Note that the process (1} )¢e[o,1] is @ peacock satisfying p; < py, for all ¢ € [0,1].

REMARK 2.1. The relevant feature of the function
(2.2) p(t)=¢e(t+46), telo,1],

is that ¢(0) > 0 and ¢ — ¢(¢) is strictly increasing. It will become clear from the construction
below that we can replace (2.2) with any such function.

In this context, we also normalize the peacock (Mt)te[o,l] by making a deterministic time
change so that [ |z[2usyp(dz) — [ |z]|?u(dz) = h, for t € [0,1), h > 0. For convenience, we
still take ¢ as in (2.2) after the time change.

Moreover, in place of the Gaussian family (75(t+6))te[0,1}, one may take another family
of centered probability measures (7;);c(0,1] € P2 (R%) that is weakly continuous and strictly
increasing in convex order. Provided that these measures have smooth densities that are uni-
formly bounded from below on R?, one could apply similar arguments to prove an analogue
of Theorem 1.1. However, the proof would become significantly more involved.

Fix n € N and consider the dyadics S™ := {27",2-27" ...,2" . 27"} C [0,1]. For
ke {0,...,2"}, denote t}} := k27". We will construct a martingale It6 diffusion that mimics
1" on the dyadics S™. Theorem 5.4 will allow us to pass to a limit. We first construct martin-
gale It6 diffusions on each dyadic interval, before concatenating these intervals. This step is
rather standard; cf. [22, 24]. For our purposes it is convenient to use the concept of stretched
Brownian motion introduced in [1]. We now fix k € {0,...,2" — 1} and consider the interval
[t 17, ;). Recall that B denotes a standard Brownian motion on R,

I The terminology peacock was introduced by Hirsch, Profeta, Roynette and Yor [22] as a pun on the French
Processus Croissant pour I’Ordre Convexe (PCOC), meaning a process increasing in convex order.
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LEMMA 2.2. Let (,Ut)te[o,u be a weakly continuous square-integrable peacock. Then
there exists a strongly Markovian martingale diffusion (M,' ’k)te[thﬂ], with the representa-
tion
(2.3) AMF =G F (MFYaB,,  on [, 104),

for some measurable function (t,z) — &' ok (x), taking values in the set of positive semidefi-
. . sk rn.k
nite matrices, such that Law (M) = puy and Law (M:” ) = puy -

PROOF. Let (M "7k)t€[t2 ] be the stretched Brownian motion with Lavv(]wtn ) = pap
and Law(Mtn nk ) fug, .- as defined in [1, Definition 1.6]. By definition, M™F is a martin-

gale with the representation d M," ok — 0; ’kdBt, for some FB-predictable process 6™ taking
values in the set of positive semidefinite matrices. Moreover, by [1, Corollary 2.5], M™F
is a strong Markov process. Thus Lemma A.2 gives the existence of a measurable function
gt e, tr, ) x R? — R?*? such that (2.3) holds. O

We do not yet have a control on the matrix norm of (5, e ”’k))te[t£7t2+1]. In order to
achieve an upper bound on the diffusion matrix, we make a first convolution with a Gaussian.
This will have an averaging effect and allow us to control the diffusion from above almost
surely. Namely, we take a centered Gaussmn random variable I'"™* with covariance matrix
(e[t? + 6])id, independent of FZ and F M™* "and define

(2.4) MPY = MM TR e ).

Then, for the initial law in this interval, we have Law(M ) i *Y° e(th+0) = Wi » and for

the terminal law, we have the ordering LaW(M o ) = g, * et +0) < fep, | * At o) =
,ut;;+1 , where we recall the definition of p* from (2.1). Later we will make a second Gaussian
convolution, which will allow us to also bound the squared diffusion matrix from below. We
now prove that the square of the diffusion matrix obtained after the first convolution is locally
bounded and locally Lipschitz.

LEMMA 2.3. ForneN, ke€{0,...,2"} and g™k as in (2.3), define the matrix-valued
function (t,x) > G;" k( ) as the unique positive semidefinite square root of

k _nk
a_n,k(x)Q o foﬂ 2 n k( y)m? (dy)
t = ok
J g ’“ —y)mg" (dy)
where g"™* is the density of a Gaussian with mean zero and covariance matrix (elty + d])id,
_n,k .k
and my;"" = Law (M;"").
Then for every compact set K C R, there exist constants Cr, L, independent of t, k
and n, such that

(2.5) , teth ),z eRY,

1575 (2)?| < Cr,  (t,2) € [t7,t0,1] % K,

~n,k

and x— ;" (x)? is Lipschitz on K with Lipschitz constant Ly, for all t € [t} ] ,].

PROOF. Choose R > 0 such that [ |z|d(p; *7°0+9)(z) < R/2. Applying Doob’s maxi-
mal inequality and the convex ordering of the marginals gives the bound m;” k(B R) > %, for
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allt € [}, 47, ] and all k € {1,...,2" — 1}. Then, for an arbitrary compact set K C R?, we
can bound the normalising constant in the denominator of (2.5) by

/ " @ =y (dy) > / g"" (@ — y)my " (dy)
2.6) " o

2%(2%8#24—5])*%, for zeK,

where C; = inf{exp{—e~ 16"tz — y[*}: = € K,y € Br}> 0, independent of ¢ and k. We
bound the numerator of (2.5) in the Hilbert—Schmidt norm by

| [ wramta - wmian)| < neleg +a) (o P
Recall from Remark 2.1 that IEHM:JZP — |M]"¥2) = b, for all t € [t t7,,) and h suffi-
ciently small. But, by the Itd isometry,
k2 k2 o k
n 1, n
B[ My |* — [ M7 ]Z/t E(lla; " (a*)|*]dt
and so E[H&fk(]\_ﬂlk) I?] = 1, forall ¢ € [t}!, ¢}, ,]. Altogether, we have the upper bound
2

677 (2)?)| < =—, for z€K.
Ck’

It remains to prove continuity. To save notation in the following calculation, we suppress
the dependency on n and k, setting g :== g™*, 6 :== 6™*, m = m™*. Fix t € [V, tr ] and
xg,x1 € K, for some compact set K C RY, Then, from the definition (2.5) and the bound
(2.6), we calculate

[CANCE AN

< 4(2melt} + 6))*C2

g(wo — y)my(dy) / ¢(y)?g(x1 — y)my(dy)
- [ ot~ wymtay) [auty@ota - y)rm(dy)H

< 4(2melt} + 6))?C2

ot~ pyman)| [laer ~ ) = gt - o)

+ 4(2me[t} + 6))*C2

[9(z0 —y) — g(z1 — y)]mt(dy)’H/g(:cO - y)&t(y)th(dy)H :

As in the proof of the upper bound, note that || [ 5;(y)?m(dy)|| < 1, by Remark 2.1. We also

see that each constant (27 [t} + 5])3 cancels with a normalising constant from g = g™*. The
Gaussian density g is Lipschitz with Lipschitz constant L that can be taken independent of
t,n, k. Together, we find that

|

as required. 0

57 (@1)? = 57 (w0)?|| < 8CR2Llan — wal,
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LEMMA 2.4. For each n € N, there exists a probability space (2", F",P") on which

an R%-valued Brownian motion B™ and R%-valued martingales (M ok )te[tn tn, ] are defined
kWk+1
such that
At =GR ABY o [t 1),

where G™F is defined as in (2.5), for each k € {0,...,2"}. Moreover, for each k €
{0,...,2"} and t € [t} 1}, ], Law(M"*) = Law(M]"*) = m"* « 2% +9) and in par-
ticular, Law(M[%fl) =y, * ,ys(t;Jré)_

PROOF. Fix n € N. From (2.4), we have
AMF =5k (YA B, = a7k (M]F — T™F)dB,.

By the result on mimicking diffusions of Brunick and Shreve [7, Corollary 3.7], there ex-
ist measurable maps 6" : [t thy] X R? — R? x R? taking values in the set of positive
semidefinite matrices such that, for any ¢ € [t} ¢} ],

o7 (NI )2 =B [ (I TRy | 0]

almost surely, for each k € {0,...,2"}. Again by [7, Corollary 3.7], there exists a probability
space (", F™,IP") supporting a Brownian motion B™ and martingales /™" such that, for
any t € [t} 4],

t
MM = M[ﬁk + / sk (MMRYABY,
t;
and Law(]\sz’k) = Law(Mf’k), for each k € {0,...,2"}. We conclude by computing that,
forall t € [t} ], ] and LaW(Mtn’k)—almost every x € RY,

51" (2)? = 67" (2)?,

for 6% defined in (2.5). ]

Foreachn € Nand k € {0,...,2"}, we now have a martingale M"™* on [}, th 1), whose

squared diffusion matrix (¢, z) — &, * ()2 is bounded from above on compact sets in [0, 1] x
R, To achieve a lower bound, we divide the interval [ti,t)r,q] in half and time-change the
martingale by a factor of two in the first half of the interval. In the second half of the interval,
we shall simply add a Brownian motion with an appropriately scaled covariance. This gives
us a second Gaussian convolution to arrive at the measure :“g;gﬂ = iy, * ’y‘s(t;cl+1 +9) rather

than pgn 42 +9) at the terminal time ¢7
k41

k41
Define the function (¢, z) — o7"*(z) by
ol »k‘ - 1
iy (VB o), e )
t =
V2eid, tetp+2- D g .

Take a random variable M&k on (Q", F" P") with Law(M;%’k) = pgp and, for ¢ € [t} 7],
define

t
M = M+ /t ol AB,.
k
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Then we see that

k n —n n
(2.7) LaW(Mt%L) = (F‘tz+1 % ,ye(thr&)) w2 = g, * 7€(tk+1+6) =k,

k+1’
and we have the lower bound
(2.8) ok (@)? > 2eid, tetp +27 D 4 ] e RY
We next paste together the martingales defined on each interval. Define 6™ [0, 1] x R? —
]Rdxd by

2" —1
K
O';{L(l') = z O-:L (x)]l(tﬁ,t','cﬁrl](t)» te [Oa 1], S Rd'
k=0

We arrive at the following proposition.

PROPOSITION 2.5. For each n € N, there exists a probability space (2", F",P") on
which there exists a Brownian motion B™ and a martingale diffusion (Mtn)te[o,l] satisfying

dM;* = o' (M;")d By,

with Law (M) = ik, for all v € S™. The family {|M?*|?: n € N} is uniformly integrable.
Moreover, (t,x) + o*(x)? is locally bounded and locally Lipschitz in x, uniformly in
t€[0,1] andn €N, and

(2.9) o (z)? > 2¢id,

forany x € Rand t € ;- [t} + 2~ (D), thl neN

PROOF. By Lemma 2.4, for each n € N, we can find a probability space (2", F",P")
supporting a Brownian motion B" such that we can define a random variable M{J with
Law (M) = pf, and, for ¢ € [0, 1],

t
MP =MD + / o (M™)d B,
0

For each dyadic tj € S", k € {0,...,2"}, n € N, we have Law (M3 ) = pgn by (2.7). In
particular, Law (M) = uj € P2(Q), for all n € N, which implies uniform integrability of
{|Mp?: neN}.

Let ' C R? be a compact set and recall the bound C'x and local Lipschitz constant L g
from Lemma 2.3. Since these constants depend only on the compact set K, it follows that

o(x)? <2(Ck Ve)id,z € K,

uniformly in ¢ € [0,1] and n € N, and (¢, ) — o} (z) is locally Lipschitz in « with Lipschitz
constant 2L i on the set K, uniformly in ¢ € [0, 1] and n € N. Finally, the lower bound (2.9)
follows immediately from (2.8). ]

The final step is to find a limiting martingale that mimics the peacock ' at every time
t € [0,1]. In Section 5, we will prove a result on compactness of Itd diffusions with respect
to convergence in finite dimensional distributions, which is tailor-made for the present ap-
plication. This plays an analogous role to compactness of Lipschitz Markov processes in the
one-dimensional setting of [35]. We now use our compactness result to allow us to pass to a
limit and complete the proof of Theorem 1.1.
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PROOF OF THEOREM 1.1 (ADMITTING THEOREM 5.4). Take the sequence of functions
o™: [0,1] x R? — R9*4 and martingales M™, n € N, to be as in Proposition 2.5. Then As-
sumptions 5.1 (A1)—(AS5) are satisfied. By Theorem 5.4, there exists a function (¢,z) —
o¢(x), such that o2 is locally Lipschitz in x, uniformly in ¢ € [0,1], and M™ converges
in finite dimensional distributions to M, the unique strong solution of the SDE dM; =
ot(M;)dBy, with Law(My) = pg. For each n € N, we have that Law(M]") = pj, for any
dyadic ¢ € S™. Therefore, taking the limit in finite dimensional distributions, we have
Law(M;) = pj for all t € [0,1]. That is, M is a mimicking martingale for the regularized
peacock p'.

From the conclusion of Theorem 5.4, we also obtain the required bounds on o2. That is,
for each 2 € RY, there exist constants c,, C, > 0 such that, uniformly in ¢ € [0, 1], we have

(2.10) czid < oy()? < Cpid.

It remains to verify the Feller property of M. The law of (M;),c(o1] is a solution of the as-
sociated martingale problem of Stroock and Varadhan [43, Chapter 6]. Moreover, we proved
above that the diffusion coefficient o satisfies the bounds (2.10), and that 2 is locally Lip-
schitz in z, uniformly in ¢ € [0, 1]. Under these conditions, [43, Theorem 10.1.3] implies
that the martingale problem admits at most one solution. We now have that the martingale
problem is well posed and, by applying [43, Corollary 10.1.4], the unique solution has the
Feller property. We conclude that the martingale (M );[o,1) also has the strong Markov prop-
erty. O

3. Non-uniqueness. We shall show that, even for the simple example of a two-
dimensional Brownian motion, uniqueness does not hold in the class of continuous strong
Markov mimicking martingales. In other words, the one-dimensional uniqueness result of
Lowther [32] cannot be extended directly to higher dimensions.

Considering the problem of mimicking the marginals of a standard two-dimensional Brow-
nian motion, the Brownian motion itself is of course a continuous strong Markov martingale
with the required marginals. In order to disprove uniqueness, we seek another mimicking pro-
cess with these properties. We will thus construct a two-dimensional continuous fake Brow-
nian motion that is strongly Markovian.

PROPOSITION 3.1.  For every peacock = (put)ie(o,1) o1 R? defined as in Theorem 1.3,
there exist two distinct continuous strong Markov martingale diffusions mimicking .

PROOF. Let B be a standard 2-dimensional Brownian motion started in some rotationally
invariant law 1) € P>(R?) \ {0}, and write (11)¢[o,1) for its marginals. Then B is a continu-
ous strong Markov martingale mimicking (Mt)te[o,l]- We now construct a continuous strong
Markov martingale M that mimics (fi¢);e[o,1) and is not itself a Brownian motion.

For any = € R?, let us denote 2~ :== (—z,21) ", so that z - 2~ = 0 and |z| = |21|. Let W
be a standard R-valued Brownian motion and consider the SDE
(3.1) dM; = |M1|(Mt + MHAWy;  Law(Mg) =1.

t
It is shown in [8, Proposition 3.2] that any solution of (3.1) almost surely does not hit the
origin. Therefore, by applying standard arguments for SDEs with Lipschitz coefficients, one
can show that there exists a unique strong solution M of this SDE that is a continuous strong
Markov martingale. A simulated trajectory of M is shown in Figure 1b.

By [8, Proposition 3.2] again, the radius of M, denoted by R; = |M;| for all ¢ > 0, is a
2-dimensional Bessel process satisfying

1
Ry =W;+ Edt, t>0; LaW(Ro) = LaW(‘MoD.
t



10

Hence the radius of M coincides with the radius of the 2-dimensional Brownian motion B in
law; see, e.g. [37, Chapter XI]. Moreover, the marginals of both the processes M and B have
rotational symmetry. Hence we conclude that these marginals coincide. However, we can see
that M is not itself a 2-dimensional Brownian motion, since the components of M in the two
coordinate directions are not independent. We have thus shown that there exist at least two
distinct continuous strong Markov martingales that mimic the marginals (Mt)te[o,l]- O

REMARK 3.2. Note that M solves the SDE (3.1) if and only if the time-changed process
(Xt)\)te[o,l] = (M)2¢)se)0,1) sOlves
1
| X7

(3.2) dx} = AX) + V1= X(XMHDHdW,;  Xo = o,

with A = ? The SDE (3.2) with A € [0,1] is studied by Cox and Robinson [8, 9] and by
Robinson [38]. For A = 1, the martingale solving (3.2) acts as a one-dimensional Brownian
motion on a fixed line through the origin — see Figure 1c. For A = 0, the martingale follows
what is dubbed tangential motion in [8, 9]. In this case, the process moves on a tangent to its
current position, increasing the radius of the process deterministically — see Figure 1a. Such
a martingale already appeared in [17] and [30] in the context of stochastic portfolio theory.
Cox and Robinson [8, Theorem 1.1] showed that there is no strong solution of (3.2) with
A = 0 started from the origin, i.e. n = &y, drawing parallels with famous one-dimensional
example of Tsirelson [44] and the circular Brownian motion of Emery and Schachermayer
[16]. In fact [8, Theorem 1.2] also shows that there is no strong solution of the SDE (3.2)
started from the origin for any A € [0,1).
We will repeatedly refer to the SDE (3.2) with A = 0 in the examples of Section 4 below.

OIC1D

(@ A=0, (b) fake Brownian motion, ©Ax=1.

Fig 1: Simulations of the solution X A of (3.2), up to the first exit of a ball, for different values
of \. Figure 1a and Figure 1c show the extreme behaviours within the class of martingales
{X*: X €0,1]} (as already appeared in [9]). Figure 1b shows the midpoint between these

cases, where we set A = @ then rescale time so that the martingale mimics the marginals of
a Brownian motion.

4. Necessity of regularization. In this section, we will construct a series of counterex-
amples, showing that a mimicking Markov martingale may not exist without the regulariza-
tion of Theorem 1.1. We present the examples in increasing order of complexity, first show-
ing that there may not exist a continuous mimicking Markov martingale. We then remove the
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continuity assumption, and finally add some (partial) regularization, in both cases showing
that mimicking Markov martingales may not exist.
The following examples build on the SDE (3.2), started from the origin, with A = 0; i.e.

1
4.1 dX; X;Hdw;, Xo=0.

X
We recall some important properties of (4.1).

REMARK 4.1. There exists a weak solution of (4.1) by [30, Theorem 4.3]. Moreover, [8,
Theorem 1.1] shows that, at any time ¢ € (0, 1], the law of a weak solution X is a uniform
measure on the circle of radius v/%, and so uniqueness in law holds for (4.1). In particular, a
weak solution X has deterministically increasing radius

|X¢| =+t telo,1].

We construct each of the below examples” on R* = X! x X2, where X!, X? are copies
of R%. We also denote S} := {(z1,22) € X': 22 + 23 =t} x {(0,0)}, S? == {(0,0)} x
{(z3,24) € X%: 22 + 25 =}, and S := U;»(S} for i = 1,2. Note that S* and S? only
intersect at the origin.

We emphasise that, throughout the following sections, the usual conditions of right-
continuity and completeness are in force for all filtrations that we consider, and o (U) denotes
the completion of the sigma-algebra generated by a given random variable U; see Remark 4.5
for a discussion of these conditions.

4.1. The continuous case. Fix a probability space (€2, F,[P) on which we can define
two independent copies M, M? of the weak solution of (4.1), as well as an independent
Bernoulli(0.5) random variable £. Now define a process X taking values in R* by

_ (Mt170)a 6207
(4.2) Xt_{(&Mf% el te(0,1],

and write 1, = Law(X}). Thus, following Remark 4.1, the measure 1 is a uniform measure
on S} U S? C R*. Note that the process X is a martingale, and so y is a peacock.

PROPOSITION 4.2. There exists a peacock jn on R* such that there does not exist any
continuous Markov process mimicking (.

PROOF. Let (4it)iecp0,1) = (Law(X¢))sc(0,1), Where X is defined by (4.2). Suppose that
there exists a continuous process Y that mimics p. We will show that Y is not Markovian at
time 0.

By definition of the peacock p and continuity of the paths, we have

P[{vie S}, vte [0, 1]} u{Y; € SZ, Vte [0,1]}]=1.

In particular, for to > 0 the events A' := {Y; € S}, V¢t € [0,1]} and {Y;, € S} } € 7! differ
only by a null set, hence P[A!] = 1/2. On the one hand, we have by completeness and right-
continuity of the filtration that A' € F}". On the other hand, A! can not be in o(Y;) since the
former has probability 1/2 whereas the latter is the completion of the trivial sigma-algebra.

Now define a function f: R* = R by f(z) = /23 + 3. Then, for any ¢ € (0,1) we find

n 1
ﬁzE{fm)w%)#E[f(m|f§]={0 on A

2 Vvt onQ\ AL

2We thank Nicolas Juillet who suggested similar examples to the third named author.
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We conclude that Y is not Markovian at time 0. O

REMARK 4.3.  We clarify that the assumption that the peacock p starts in pg = dg does
not play a fundamental role in Proposition 4.2, nor will it in Propositions 4.6 and 4.7. Indeed,
let us embed the space R* = X! x X2 into R? = R x X! x X2. Let X be any square-
integrable random variable taking values in R x {(0,0)} x {(0,0)}. Setting X; = Xo + X,
for ¢t € [0,1], where X is defined as in (4.2) or (4.4), we obtain examples with the same
features as required in Propositions 4.2, 4.6 and 4.7, without imposing that the initial law of
the peacock is a Dirac measure.

REMARK 4.4. For the peacock p defined via (4.2), the continuity assumption in Propo-
sition 4.2 is required in order to show non-existence of mimicking Markov processes. In the
following we construct a cadlag strong Markov martingale X that mimics the peacock p:. The
process behaves similarly to a compensated Poisson process: at time ¢ a particle X; starting
either in = (1, 22,0,0) € R* or x = (0,0, x3, 14) € R* drifts in the direction  with speed
|z|2. This drift is compensated with jumps of rate ﬁ to a uniform distribution on S|2m 2
(resp. S|1x\2)' For t € R, define the rate function A and its anti-derivative A by

1 1
A= % and A= 3 log(%).

To construct the process X, we first consider the peacock (Mt)te[tO,l} where ty € (0,1) and
define a mimicking process X ‘. To this end, let (£,,)nen, (Un)nen, and (V,,)nen be families
of independent random variables such that &,, ~ exp(1), U, ~ Unif(S}), and V;, ~ Unif(S?).
Given that X;° =z € S ., Uy := x/|z|, and t € (to, 1], we set

|$‘2’

X;D = \/Z Z ]1{2::1 kaAt*AtO<ZZI}€k}(ﬂ22(n)vn + HQZ—I—I(”)Un)a
neNU{0}

where we use the convention that the sum over an empty index set is —oo. Similarly, when
starting in S |2x 2o WE define Xf ° analogously to the displayed equation above but with the roles
of odd and even integers reversed. It is straightforward to show that this process is a Feller
process and thus has the strong Markov property.

By Lemma B.1, which we postpone to Appendix B, X" mimics (fit)icfs, 1) and there
exists a process X with the property that, for any ¢; € (0, 1],

(4.3) (Xt)tefty,1) ~ (Xfl)te[tl,u-

Hence X mimics p. We deduce from (4.3) and the strong Markov property of X% that X has
the strong Markov property for stopping times 7 with 7 > ¢ and ¢; > 0. By Lemma B.2, we
also have that X is Markovian at time 0. Hence, by Lemma A.1 below, X is a strong Markov
process.

REMARK 4.5. Two referees, to whom we are indebted for their excellent remarks, have
asked us to comment on the assumption that the usual conditions of right-continuity and
completeness hold for the filtration (7} )telo,1] considered in Proposition 4.2. This example
depends crucially on the assumption of right-continuity. Indeed, if we consider the natural
filtration (F} )te[O,l] generated by the process Y constructed in the proof of Proposition 4.2
without any augmentation, the sigma-algebra ]-"8 is trivial and the process Y is Markovian
with respect to F0.

To address this issue, we start by referring to the one-dimensional result of Kellerer [28].
As noted in the introduction, the set of Markov martingales is not closed with respect to con-
vergence in finite dimensional distributions. The original proof of [28, Theorem 3] therefore
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uses a stronger notion, which has subsequently been termed the Lipschitz Markov property.
In fact Kellerer shows the existence of a one-dimensional Lipschitz Markov mimicking mar-
tingale. Lowther [35, Lemma 4.5] shows that the set of cadlag Lipschitz Markov processes is
closed with respect to convergence in finite dimensional distributions, and [35, Lemma 4.2]
shows that a cadlag Lipschitz Markov process has the strong Markov property with respect to
the augmented filtration. In fact, as observed in [3, Section 3.3], the Lipschitz Markov prop-
erty implies the Feller property. Then, for a right continuous process, strong Markovianity
with respect to the augmented filtration follows from Liggett [31, Theorem 3.3]. Moreover,
the completed natural filtration of a Feller process is right-continuous. The notion of Lips-
chitz Markov martingales has been used in all known proofs of the one-dimensional Kellerer
theorem; see, e.g. [3, 24]. In the higher dimensional setting, the Lipschitz Markov property
no longer holds in general. However, we argue that it is still natural to consider Feller pro-
cesses. Theorem 1.1 shows the existence of a mimicking martingale that is a Feller process in
the regularised case, and Propositions 4.2, 4.6 and 4.7 give examples for which, in particular,
no Feller mimicking martingale exists.

We next refer to the use of the usual conditions in the literature, which are now a standard
assumption; see, e.g. [39]. The usual conditions, or conditions habituelles, of completeness
and right-continuity of filtrations are fundamental to the théorie générale of semi-martingales
developed by the Strasbourg school; see Dellacherie and Meyer [12, 13]. In the context of
Markov processes, Dellacherie and Meyer [14] work predominantly with processes satisfying
the strong Markov and Feller properties, and they once again work under the usual conditions.
These conditions were already present in the work of Blumenthal and Getoor [6] and Getoor
[18], where the authors consider strong Markov right processes; see also the later references
of Dellacherie and Meyer [11], Liggett [31], and Sharpe [40].

To give additional motivation for the use of the usual conditions, we finally put ourselves
into the following financial context. Suppose that (X;),c[o,;] models the price of a stock (or
four stocks, as in Proposition 4.2) and an economic agent trades on the stock using predictable
trading strategies, as described, for example, in the books [10, 27]. Following the paradigm
of no arbitrage, the process X must be a semi-martingale by [10, Theorem 9.7.2]. This
places us in the setting of [13] described above, where the usual conditions are in force.
An important role is played by the available information that is encoded in the filtration.
Consider, for example, the announcement of some economic statistics that is revealed at a
fixed time ¢ (corresponding to ¢ = 0 in the example of Proposition 4.2). We claim that the
proper interpretation is that the agent may use the knowledge of these statistics from time
t on, and not only from time ¢ 4 ¢ for each £ > 0. This point of view corresponds to the
right continuity of the filtration. One may ask whether this gives too much information to
the agent, since the stock prices X; may be more favourable than Xy, for arbitrary € > 0.
However, this difference in prices is negligible as € — 0, since semi-martingales are defined
to be right-continuous; see [13]. Thus, the usual conditions fit well in this financial setting.

Nevertheless, for purely mathematical interest, one could and should of course ask whether
it is possible to construct counterexamples of peacocks for which there exists no mimicking
Markov martingale, when the Markov property is defined with respect to the raw filtration.
We do not have an answer to this question, and we leave this as an open problem for future
research.

4.2. The general case. We now generalize the example given in Proposition 4.2 to
find a peacock for which there is no mimicking Markov martingale, even if we allow for
jumps. We construct such a peacock by modifying the previous example in the following

way. Let us partition the time interval [0, 1] into the intervals I; := | J nen [2- T, 277,
n even
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I = Unen [2_("“) ,27"]. Define the functions
n odd

t t
a(t) :/ 17, (s)ds, as(t) :/ 1;,(s)ds.
0 0
Now time-change the processes M, M? from (4.2) to define a process X by
1 -
Ma1 (t)’ 0 I 5 - 07

4.4) X =
07 M(i(t) ’ é.: 17

t€[0,1],

and write p; = Law(X};). Then, at time ¢ € [0,1], y; is the uniform measure on S;l Y
532 @ C R*. Note that, for t € I, the radius of Sil(t) is increasing deterministically at rate

\/t, while the radius of 522 ® remains constant, with the roles reversed on the set of times I5.
We will show that there is no Markov martingale mimicking .

PROPOSITION 4.6. There exists a peacock . on R* such that there does not exist any
Markov martingale mimicking p.

PROOF. Let p; = Law(X}), t € [0,1], where X is defined by (4.4). Suppose that there ex-
ists a martingale Y mimicking p. As in Proposition 4.2, we will show that Y is not Markovian
at time 0.

Fix n € N even and to € [2- (1), 27") € I}. Then, for all ¢ € [2=("+1) 277, 1, is sup-
ported on S;l(t) U S? (1,)- Define a function f: R* — R by f(z) = \/22% + 23, and note that

az t())'

f is convex. Also note that, for any ¢ € [0,1], f(z) =0 for x € S;l(t), and f(z) = /az(t)
for x € Si( 8- Let t € (tg,27"]. Then, by convex ordering,

E[f(V0) | Y € 82, 2 B[ (Vi) | Vi € 82,1, | = Var o),
4.5)

0.

and E[f(Y)] Vi, € S ] = E[£0) [V, €50 ]

We also have

B[/ (V)] = 5 Var () = 5 v/aalto) = BLf (Vi)

Hence equality holds in each inequality in (4.5) and, in particular,
IP’[Yt € Sarto) | Yio € S;I(to)} —1.

This holds for any subinterval of I;, and a symmetric argument applies to I. Since the
peacock p is weakly continuous, we can suppose that Y has cadlag paths. Therefore

P|:Y; < S;I(t)’ vt = to | Yy, € Sél(to)] =1

For t € (0, 1], define A} := {Y; € S;I(S),Vs > t}, and let A' := (", A}. Then, for each
€(0,1],P(A}) =1/2,and so P(A') = 1/2. Since o(Yp) is trivial, A' ¢ o(Y}). On the other
hand, we have A} € 7. Hence A' € F) =(,. o Fr .
We conclude as in Proposition 4.2. Observe that, with f defined as above, for any ¢ €
(0,1), we get

‘?”:Mﬂnﬂd%ﬂ#M“””ﬁﬂ:{oww

on Al
on 2\ AL

Hence Y is not Markovian at time 0. O
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4.3. A partially regularized case. In this section, we present a final example, in which
we regularize a peacock, which is defined similarly as in Proposition 4.6, by convolving the
peacock at time ¢ € [0, 1] with a centered Gaussian with covariance ¢id. We will show that,
even after such regularization, there exists no Markov martingale mimicking this peacock.
Therefore, in order to guarantee existence of a mimicking Markov martingale, some further
regularization is required, as in Theorem 1.1.

Throughout this section, we use the notation v’ for the 4-dimensional centered Gaussian
measure with covariance oid, o € R,. Also let ,yo denote the Dirac measure at 0 € R%, so

that yuo % v = 0.

PROPOSITION 4.7.  There exists a peacock jw on R* such that there is no Markov martin-
gale mimicking ji¥, which is defined by i = p; * v, for t € [0,1].

PROOF. Letv; = Law(X}), where X, is defined by (4.4), and define a regularized peacock
V' by v} = x4t for t € [0,1]. Suppose that there exists a martingale ¥ mimicking v". In
the following, we will show that Y can not be Markovian at 0. Finally, we will time-change
v in order to find a peacock p such that any martingale mimicking p" := (g * ’Yt)te[o,l] is not
Markovian.

Due to the convolution with a Gaussian v; is no longer concentrated on S;l( U S(i( " it

rather has full support on R, for all ¢ € (0, 1]. Since Y mimics v* we have, for each t € [0, 1],
that Law(Y;) = Law(X; 4+ Nya) where X; ~ Unif(S} (Y s2 (t)) and Ny ~ N(0,t1id)
are independent. Note that, from the definitions of a; and as, we can find constants ¢, C' > 0
such that ct < a;(t) < C't, for t € [0,1], i = 1,2. We also have the estimate

14

P[|Nt14| > CL] < a > 0.

9
a
Define the events S} := {3z € S ()" 17 —Yi| <t}. Using the independence of X; and Ny,
we have the bound

12

5 1
(46) P[Stl] > P[Xt S SclLl(t)7 ’Nt14| < t] HNt14| < t] > 5 5

On the other hand, note that
{Xt S Sél(t)} = {Elx < Sil(t) . ‘.T} — Xt‘Q S al(t)}

Thus
P[S}] < t"ay(t)"'P[S}); Nps > a1 (8)] + P[S}; Nps > v/a1(t)]
4.7) 1
P+ PEre S, 4y v — X <ar(t)] = t13+§.

Write t, := 27" for k € N. By Lemma B.3 we have that, for ¢ € [0, 1],
(4.8) P[S, A S, ] < Cty,

where AA B:=(A\ B)U (B \ A) denotes the symmetric difference between events A and
B. Therefore, for m,n € N, m > n, the bounds (4.6) and (4.8) imply

m m—1 m—1
Pl SE|=P|S. N U SLASL )| ZPS, =D PS,AS, )
k=n k=n k=n

,_.

m
1
_C " m,n—oo 1
kg k ? 27

=n

l\'J\
l\D\l—‘

- oepes
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since the sequence (tx)ken is summable, and (4.7) gives
m
p [ A s,
k=n

Defining an increasing sequence of events S,,, n € N, and its limit S by

_ 1 1
< inf PIS'1< = —1413 m—oo, 1
_Enégﬁnl K%k]_>2 R

\)

S, = ﬁ Stlk, and S := E_OJ Sy,
k=n n=1

we conclude that

. 1
P[S] = Y}I_EEOP[S”] =3
Hence S ¢ o(Yp). However, we have that, for each k € N, Stlk € F 5:, and so for n € N,
S, € Fy forall k > n. Hence S € N~ Fp. = Fq .
Now choose k € N sufficiently large that P[S \ Sx] < 1/8 and ¢, < 1/8. Then we have
_ _ 1 1 3

PIS; | S]=P[S. NS]/P[S] = 2P[Si N S] = 2(P[S] — P[S \ Sk]) > 2 (2 - 8) =7
while on the other hand, P[S} | 0(Y))] < 1/2+ ¢, < 5/8 < 3/4. Therefore Y cannot be
Markovian at time 0.

Now define a peacock p by a time-change of v such that y; = v,,,-1, and define a regu-
larized peacock " by pif == pus %, t € [0, 1]. Then, rescaling time by ¢ — 4" in all of the
above arguments, we obtain the result that any martingale mimicking p" cannot be Markovian
at time 0. O

5. Compactness of martingale Ito diffusions. In this section we prove a compactness
result for martingale diffusions with respect to convergence in finite dimensional distributions
(Theorem 5.4). We applied this result in the proof of Theorem 1.1 in order to pass to a limit
when constructing a mimicking martingale diffusion. This parallels the approach of Lowther
[35] to the one-dimensional case.

Consider a sequence (0*),cy of positive semidefinite matrix-valued measurable functions
ok [0,1] x R — R4 Let F: [0,1] x R? — R¥*9 denote the integral

k$I: tO'kZ'2S.
sk () /0 k2)2d

Moreover, fix a sequence of initial distributions (ulg )ken and suppose that there exist weak
solutions (X*)en of the SDEs

(5.1) dXF=oF(XF)dBF, with X§ ~ uk,
where B¥ denotes a standard R%-valued Brownian motion, and (X%, B¥) is defined on some

probability space (2%, F*,P¥), for each k € N. Let (1if)1c[,1] denote the marginal distribu-

tions of X%, for each k € N.
In the following we will use combinations of the following assumptions, which were sat-
isfied in the setting of Proposition 2.5.

ASSUMPTION 5.1.

(A1) The map z + o} ()2 is locally Lipschitz continuous, uniformly in £ € Nand ¢ € [0, 1].

(A2) For every z € R? the value of ||of (z)|| is bounded, uniformly in ¥ € N and ¢ € [0, 1].
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(A3) The family of random variables {| X¥|?: k € N} is uniformly integrable.

(A4) The matrix o (x)? is positive definite with eigenvalues bounded away from zero, lo-
cally in € R?, uniformly in ¢ € J2_5'[j2~*, j27* + 27*~1], and k € N.

(A5) The set of initial distributions {u&: k € N} converges to 9 € Pa(R%).

REMARK 5.2. Due to Assumptions 5.1 (Al) and (A2) and the Arzela-Ascoli theorem,
we can assume without loss of generality, by passing to subsequences, that (XF(2))xen con-
verges for every (t,z) € [0,1] x R,

REMARK 5.3 (continuity of matrix square root). ~Suppose that, for some domain O C R¢,
and some function 6: O — R4 the square 6%: O — R4xd ig Lipschitz continuous. Then

(i) z — 6(z) is 1/2-Holder continuous on O, since the matrix square root is 1/2-Holder
continuous on the set of positive semidefinite matrices [46, Theorem 1.1].

If, moreover, the eigenvalues of 9(35)2 are bounded away from zero for each z € O, then

(ii) =+ O(x) is Lipschitz on O, since the matrix square root is Lipschitz on the set of positive
definite matrices with eigenvalues bounded away from zero.

In particular, Assumption 5.1 implies that 2 — of(z) is locally 1/2-Holder contin-
uous uniformly in ¢ € [0,1] and k € N, and locally Lipschitz continuous uniformly in
te U?;Bl [j27%,j27% +27%=1] and k € N. Thus the SDEs (5.1) may not admit unique strong
solutions; see [45, Remark 2].

THEOREM 5.4.  Suppose that there exist weak solutions (X k)keN of (5.1), Assumptions
5.1 (Al1)~(A5) are satisfied, and (XF(z))gen converges pointwise for (t,z) € [0,1] x R? to
¥: [0,1] x R? — RX4, Then there exists a function (t,z) — o¢(x) taking values in the set
of positive definite d x d-matrices such that, uniformly in t € [0, 1],

() (t,x) > o¢(x)? is locally Lipschitz continuous,
(ii) for each x € RY, there exist constants c,C > 0 such that cid < o;(x)? < C'id.

Moreover, let (2, F,P) be any probability space supporting a standard R%-valued Brown-
ian motion B and independent random variable & ~ . Then there exists a unique strong
solution X of the SDE dX; = o4(X;) dBy, with Xo ~ po, and (X*)ren converges in finite
dimensional distributions to X.

As a simple corollary we have the following compactness result.

COROLLARY 5.5. Under Assumptions 5.1 (Al)—(A5), the set of martingale It6 diffusions
{X kike N} is precompact with respect to convergence in finite dimensional distributions
in the set of martingale It6 diffusions.

We start with two auxiliary lemmas.

LEMMA 5.6. Suppose that there exist weak solutions (Xk)keN of (5.1). Under Assump-
tions 5.1 (Al)—(A3), the sequence of curves t — Mf, t € 10,1], of marginal distributions of
(XF)pen is equicontinuous in C ([0, 1], P2(R%)) with respect to the Wa-metric on P2(R?).

PROOF. Since by Assumption 5.1 (A3) the set of terminal distributions is V/,-precompact,
the set {n € P2(R?): Ik € N with < ¥} is also Wh-precompact. Applying Doob’s maxi-
mal L2—inequality, for each ¢ > 0, we can find a ball B C R? of radius R > 0 such that for
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all t € [0,1] and k € N, Wy (u¥, uf"™) < & where
Xf’R = X%, uf’R = Law(Xf’R), % :=inf{s>0: X* ¢ Bp}.

Next, we show that the curves (1*%),cy are 1/2-Holder continuous with uniform Holder

constant v/A. > 0. Indeed, by the 1t6 isometry, Assumptions 5.1 (A1) and (A2), we get, for

0<tr<t1 <1, keN,
tl/\Tk k k. 2
/ ok (X5 |2 ds
to/\Tk

<3E [ / - (||a§<o>|12+ua§<o>—a§<Xf>|12+\|a§<Xf>—a§<Xf>uQ)ds]

k,R
W2 (Nto aNtl ) <E [’ka/\tl - Xf"'/\to|2} =K

0/\Tk
<3(t — to) (C + LAE||XE 12| + LAE||xE - XE2]),

where Ly denotes the Lipschitz constant for ¢¥ on Bpg that is provided by Assumption
5.1 (A1). Setting A := 3(C +2L% sup,cy E[| X¥[?]) we obtain a uniform 1/2-Holder bound.
We conclude by noting that uniform convergence preserves equicontinuity. In fact the func-
tion & + infe~0{2e + /A-0} is a modulus of continuity for the sequence (1*)pen. O

For the following lemma, compare to Beiglbock, Huesmann, Stebegg [3, Theorem 1]. Let
D([0,1]; R?) denote the Skorohod space of R?-valued cadlag paths over the time interval
[0,1].

LEMMA 5.7.  Let A be a Wa-compact subset of P2(R?) and let M(A) denote the set of
probability measures on D([0,1];RY) defined by

M(A) = {m =Law(M): (My)ejo,1) is a cadlag martingale with Law (M) € A}.

Then, for any sequence (m%)pey in M(A) there exists m € M(A) and a subsequence
(mk3) jen that converges to m = Law (M) in finite dimensional distributions on the set of
continuity points with respect to the weak topology of the function t — Law (My).

PROOF. Let (7%)ien be a sequence in M(A) and write M* for a martingale with law
7*. Since A is compact, it follows that {1z € P2(R%): v € A with p <. v} is also compact.
Therefore we find a subsequence (77) ;e such that, for any finite subset S C [0,1] N Q,

LaW(Mtkj)teg — 7 weakly for j — oo,

where 7 is the law of a discrete-time martingale in | S| time steps with values in RY. The
family (7°) 5C[0,1]1Q,|S|<oo 18 @ consistent family and we can apply Kolmogorov’s extension

theorem to obtain a probability 7 on [];c(9 1jng R9. Note that, for any S C [0,1] N Q, the

projection of 7 onto the S-coordinates coincides with 79. Hence 7 is the law of a martingale
M = (Mt)te[o 1Jng With terminal distribution Law (M) € A. By standard arguments, there

exists M where My == lim 4 qeqn(o,1] M for ¢ € [0, 1] which is a cadlag martingale (in
the right-continuous version of the ﬁltration). We claim that 7 := Law(M ) has the desired
properties.

As t — Var(M;) is non-decreasing there are at most countably many points of discon-
tinuity. Let U be a finite subset of the continuity points of ¢ — Var(M;), which coincide
with the continuity points of ¢ — Law(M;). Fix N € N and note that, as all involved pro-
cesses are martingales, (M ki)te g converges for j — oo in Ws to (Mt)te g uniformly for
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all S C [0,1] N Q with |S] < N. Moreover, by Doob’s martingale convergence theorem, we

have, forany t € U, that limg 4 ¢[0,1]nq My = M; almost surely. We conclude that (Mtkj Jter
converges in W to (M. O

PROPOSITION 5.8.  Under Assumptions 5.1 (Al )—(AS), suppose moverover that there ex-

ists R > 0 such that (c*)yen satisfies of (z) = of( ‘le%\fR)for te[0,1, z € R% k€N, and

that (XF(x))ren converges pointwise for (t,x) € [0,1] x R? to ¥: [0,1] x R? — R4x4,
Then the conclusion of Theorem 5.4 holds.

We break the proof of Proposition 5.8 into the following lemmas.

LEMMA 5.9. In the setting of Proposition 5.8, there exists o: [0,1] x R? — R4 with
Yi(z) = fg os(x)?ds such that, uniformly int € [0,1], x — o4(z)? is locally Lipschitz contin-
uous and, for each x € R?, there exist constants ¢z, Cy > 0 sarisfying c; id < at(a:)2 < Cid.

PROOF. The specific form of the o* allows us to restrict to the ball B := {z € R?: |z| <
R} of radius R > 0. As the limit of Lipschitz functions, ¢ — X (x) is Lipschitz continuous,
and so are the entries (3"’ );1 j=1 of 2. Therefore there exist densities

. t
ue) = (@) R where [ )i =50, (0) - D), €
to

We define o as the matrix square root of p, which is possible as p is a.s. positive semidefinite.
Next, we define the Lipschitz norm of a function g: [0,1] x Bp — R as

lg:(z) = g:(¥)

F(g) =esssup, ye g, tefo,1] z —y|

where the essential supremum is taken with respect to dt ® dz. Since F: L?([0,1] x
Bp;R™4) - R, U{oo} is lower semicontinuous and convex, we have by [2, Theorem 9.1]
that F' is weakly lower semicontinuous, and in particular

liminf F((c*)?) > F(p) = L,
j—00

which implies that = — p;(x) is dt ® dz-almost everywhere L-Lipschitz continuous. Thus,
by choosing a suitable L?-representative of p we can assume without loss of generality that
x — p(x) is L-Lipschitz continuous in z for every ¢ € [0, 1], and that supco 47 [|t(2)]| <
co. By Lipschitz continuity of ¢ +— X (z) and = — p;(x), we have that, for every = € Bg,
feR%and 0<tg <t <1,

t1

pu(@)gdt = lim €7(h (2) - 3f (o)) €.
to k—oo
Therefore, by Assumption 5.1 (A4), there exists a constant ¢ > 0 such that p;(z) > cid for
every x € Br and Lebesgue-almost every ¢ € [0, 1]. O

The second result that we will make use of in the proof of Proposition 5.8 is the Lipschitz
continuity of the Ws-distance between Gaussian laws with respect to covariance matrices.
From now on, we let V' (1, 02) denote the law of a normal random variable with mean ;. € R?
and covariance matrix o2 € R%*?,
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LEMMA 5.10. Let C,6 > 0. Then the map
Rdxd % Rdxd 5 (0_27 (0_/>2) — W2 (N(O, 0_2)’./\/'(07 (0_/)2))
<

is Lipschitz continuous on the set {(o,0"): §id < o2 < Cid, did < (o/)?
with the product of the Hilbert—Schmidt norm.

C'id} equipped

PROOF. As shown in [19, Proposition 7], the squared Wasserstein-2 distance between two

centered Gaussians with covariance matrices o, o’ is explicitly given by
Tr (02 + (0')? —2(0(0’)%0) %),
from which the assertion follows, in light of Remark 5.3. U

PROOF OF PROPOSITION 5.8. Foreach k € Nand t € [0, 1], the functions = + o (z) are
bounded and continuous. Thus, by [43, Theorem 6.1.7], there exists a weak solution X k of
(5.1) for all k¥ € N. By Lemma 5.6 there exists a subsequence, still denoted by (X k) kEN»
such that the curves (uf )telo,1]> k € N, converge to a Wy-continuous curve (fi¢);e[o,1)- After
a deterministic time-change, if necessary, we can assume without loss of generality that ¢ —
[ |2|? pe(dz) is 1-Lipschitz.

By Lemma 5.9, we can find a diffusion coefficient o with the desired properties. Then by
Remark 5.3, the map x +— o4(x) is Lipschitz continuous uniformly in ¢ € [0, 1], with some
Lipschitz constant L. Thus there exists a unique strong solution X of dX; = o(X:)dB;
with X ~ pg. The particular form of the (0*).en now gives us the following properties.
Assumption 5.1 (A1) implies that 2 — of(2)? is globally Lipschitz continuous uniformly
int €[0,1] and k € N. Thus, by Remark 5.3, = + o (z) is globally 1/2-Hélder continuous
uniformly in ¢ € [0, 1] and k € N, with some Holder constant L. Assumption 5.1 (A2) implies
that there exists a constant C' > 0 such that ||oF(z)|| < C forall t € [0,1], z € RY, k € N.

Now, for m € Nand k=0, ...,2™, define t}]' := k2™™ and, for n € N, consider the ker-
nels

mn (@) = Law(X0 | Xp—a),  w () = Law(Yh | Y =a)
where Vi =z and YVin = ttrj’in“ of(z)dBp, for z € RZ Observe that, for each n € N,
¢ ] k

xr e RY,

£,
(5.2) T k() —./\/<x,/ of(z)? dt) :./\/<x, S (x) — S (:c))
\ ,

m
k

In a similar manner we define Y, 7, », and 7, .
Note that (X"),en converges uniformly on B, and therefore on R%, to . Thus (5.2) and
Lemma 5.10 imply the weak convergence

lim 77 ,.(z) = Tpx(z) uniformly in z € R, uniformly in & and m.
n—o0 ’

Combining this with the bound ||X;|| < C? gives

om_1
. 2( =n n — n _
(5.3) Tim ;0: E W3 (7o (X0 ), T (X73) )| = 0.
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In the following we choose n :=n(m) € N,n(m) > m sufficiently large such that for this
particular n the sum in (5.3) is smaller than 27"*. We estimate

W (i (@), T (@) S E[IX0 | = Vi 12| Xph =2 = V3]

=E

teha
/t o™ (X2) — o™ ()2 ds | Xp = ]

ZL

t?—u
<IE / X2 — X ds | X =2,
ty

using the It6 isometry and the Holder continuity of ¢™. Now, since X" is a square-integrable
martingale, we have

W (w1 (2), T () < LE

m,k

s
t k+1 k k

m
k

— [27"E [\X{‘ﬂl — XP || X = x]

ti L
e [ lorenpas)! g =]

k

< LC2™%,
where we use the Itd isometry again, as well as the bound on the norm of ¢”. By the same
line of reasoning, and using the Lipschitz property of o, we find that
(5.4) W3 (T (x), T i () < L2C?272m,

Hence, for some constant C > 0, the triangle inequality together with the above estimates
yields

m,k

(5.5) 2mzl E [wg (w”(’”) (xp™), TFm,k(XZm(m)))] <02 %
k=0

Now fix a probability space (€2, F,IP) supporting a standard R?-valued Brownian motion
B and independent random variables &y ~ po and & ~ ,u'g, k € N. For each m € N, we
define an auxiliary process S™ that has cadlag paths and the same marginals as X™(™) at

the m-dyadics, where n(m) is fixed after (5.3). Set Sj* = X (M) " define S™ as the unique
strong solution of d.S;" = 0(S}")dB; on the interval [0,1") and, on each interval [}, ¢}, ),
k=1,...,2™ —1, the unique strong solution of

dSZn = Ut(S;n) dBt, ngn = T]T(Sgn_),
where T} is the W,-optimal map between mp, ;1 (Si ) and 7y, (Sin ). The discrete-
time jump process Z;" := 212:1 Ljo,q(#")(Sin — Sin_) is a martingale in the underlying
filtration and S™ := S™ — Z™ is a continuous martingale. Indeed

27”
E[Z]" | F)= 27"+ 14 7(7)E| S - Sit | 7
=1

o
= 7"+ 1, 4(tE [ngil — S| ft} —zm.
=1
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Moreover, by (5.5), Z™ admits the following estimate
2m—1

S ows (wm,k(xg,ém)),w;gk(xfgﬁm)) 2%
k=0

ME

<C

ME

E[|Z"’]: =E

whence, by Doob’s maximal inequality, the term E[sup,¢o 1) |Z7"|] also vanishes as m — oco.

We claim that (S’m)meN is a Cauchy sequence. Indeed, using the Lipschitz property of ¢ and
the bound (5.4), for m,m € N, m > m we have

i o t ) K
(15 - 5] < 2 (B[l - X P+ 2| [ oy - ospyat])

- t
+L’E U |57 — Sghy?dz?D
- 0

_ . _ ~ t - ) 3
B - 0

N

<9 <E [ xtm) _ xntm)

By Gronwall’s lemma, we have that (S{”)meN is an L2-Cauchy sequence. Therefore, there
exists a continuous L2-martingale S such that (ST")men converges in L? to S;. As Z™
vanishes uniformly, we get

lim E| sup |S" — S;*|=0.
m=o0  1ie0,1]

Since S} ~ p; for t € {0,27™,...,1}, we have by continuity of ¢ — p; that Sy ~ p; for
every t € [0, 1]. By the Lipschitz property of o, for any ¢ € [0, 1], we find that

lim E [/Ot 104(S™) — o4(Ss) 2 ds] 0.

m—00

Thus, for any ¢ € [0, 1], the Itd isometry yields
m—0o0 m—00

t
/ 05(Ss)dBs = lim [ 04(S™)dB, = lim S — X0 =5, — S,
0

and so S is the unique strong solution of dS; = 04(.S;) d By, with Sp ~ pg.
Fix € > 0 and m € N. Then there exists M > m such that for all m > M

E

sup |S{" — S| <e.
t€[0,1]

Recall that by construction we have (53, Sp%,...,S7") = (Xg(m),Xz;Em), . ,X?(m)) in
law, from which we deduce that (X n(m) )men converges in finite dimensional distributions to
S.

Finally, to see uniqueness of the limit, note that by Lemma 5.7 the sequence (Law (X"™))nen
is precompact with respect to convergence in finite dimensional distributions. By the first part
of the proof any subsequence of (X"),cn admits a subsequence that converges in finite di-
mensional distributions to S. Hence, we conclude that Law (.S) is the unique limit by recalling
that the finite dimensional distributions separate points on the space of probability measures
on the Skorohod space D([0, 1]; R%). O

Having established Proposition 5.8, we now extend the result from compact subsets to the
whole of R? in order to complete the proof of Theorem 5.4.
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PROOF OF THEOREM 5.4. In order to apply Proposition 5.8, for any radius R > 0, define
the diffusion coefficients (0"%),,cy by

o (z) 7| <R,

af’R(x) - {U{L (Rﬁ) else.

For each n € N, let 7% := inf{t > 0: |X}'| > R} and define a process X" by

tATR
(5.6) X = X7+ / o f(XM)dBy,  teo,1).

Fn.R
Then X™7 is a weak solution of the SDE d X" = o™ (X"™)d By with X" ~ 2. The
map z — o} ()2 is both Lipschitz continuous and bounded, uniformly in (¢,7) € [0,1] x N.
By Assumption 5.1 (A3), C' == sup,,cy E[| X7*|?] < 00, and thus by (5.6) and Doob’s martin-
gale inequality,

(5.7) E

sup \Xt"’R—Xt"Ml] §P< sup | X7'| ZR>§C2.
tel0,1] te[0,1] R
Moreover, sup,,cy E[| X]"7|?] < C.

We see that the conditions of Proposition 5.8 are fulfilled, and thus there exists a diffusion
coefficient o* such that the SDE d X/ = o}(X}}) dB; admits a unique strong solution X
with X ~ pg, and (X™), oy converges in finite dimensional distributions to X . Observe
that, for R’ > R, the corresponding diffusion coefficients are compatible, in the sense that

of(x) =0l (x) forevery z € B and almost every ¢ € [0, 1].

Defining o¢(x) == > 5_o Lir,r+1) (|z|)of(x), the properties of o given by Proposition 5.8
imply that o2 is locally Lipschitz continuous, uniformly in ¢ € [0, 1], and that, for each x €
R4, there exist constants ¢, C > 0 such that cid < O't(fL‘)Q < Cid, fort € [0, 1]. In particular, o
is locally Lipschitz continuous, uniformly in ¢ € [0, 1], by Remark 5.3. Skorohod [41, Chapter
3, Section 3] shows that weak existence and pathwise uniqueness hold for the SDE d X; =
o¢(X3)dB; with Xy ~ po. Therefore there exists a unique strong solution X, by Yamada
and Watanabe [47, Corollary 1]. Defining 7% := inf{t > 0: | Xf| > R} and 7 = inf{t >
0: | X;| > R}, pathwise uniqueness implies that, almost surely, 7% = 7 and

XB n=Xppr, forallte]0,1].

Thus, by the continuity of the paths of X, the convergence of (X™%), <y in finite dimen-
sional distributions to X, and Doob’s martingale inequality,

P( sup | X/ >R |=P( sup |X[|>R|< sup P(sup\XtR|>R)
t€0,1] te(0,1] ICQN[0,1] tel

C
< sup supIP’<sup|th’R| > R) <=
ICQN[0,1]neN  \ tel R

Therefore, similarly to (5.7), we find that

(5.8) E

C
sup [XE— X, AL|<P| sup | Xy|>R|< ——.
te[O,l]‘ v ] (te[o,l}’ ! ) (R—1)?
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For any finite subset I C QN [0,1], (5.7) and (5.8) imply that

lim E[sup | X7 — Xi| A 1]

n—oo tel

<liminfE| sup | X} — th’R| A1+ sup |th’R — XE|+ sup | X[ - X A1
n—o0 te[0,1] tel te[0,1]
2C . n.R R 2C

< T aN9 ’ — e

= -1 “%riloréfE[iE?‘Xt AN ==
using convergence of (X ™% nen 1n finite dimensional distributions to X R Taking R — o0,

g g g

we conclude that (X"™),en converges to X in finite dimensional distributions. O

APPENDIX A: THE MARKOV AND STRONG MARKOV PROPERTY

For the definitions and properties of Markov and strong Markov processes, we refer to
[6, 26].

LEMMA A.1. Let (Xt)te[o,l] be a cadlag process on a filtered probability space
(0, F, P, (Ft)ief0,1)) under the usual conditions. Suppose that X satisfies the Markov prop-
erty for all times t € [0, 1] and satisfies the strong Markov property for all € > 0 and all finite
stopping times T > € > 0. Then X is a strong Markov process.

PROOF. Let g: RY — R be measurable and bounded, ¢ € R, and fix £ > 0. For a given fi-
nite stopping time 7, we consider the event A, := {7 < ¢} € F., and define the finite stopping
time

Tei=elg +7ly > e

In the following, all equalities should be understood P-almost surely. On the event AZ, we
have by assumption that

Elg(Xrie) | Fr] = Elg(Xr140) | Fr.] = Elg(Xr. 1) [ 0(X7)] = E[g(Xr 1) [ 0(X7)].

In particular, since AS {7 > 0} as ¢ \, 0, we find that E[g(X ) | F7] = E[g(X74¢) |
o(X;)] on {T > 0}. On the other hand, we have by the Markov property of X that E[g(X}) |
Fo] =E[g(X}) | 0(Xo)]. Combining these two observations yields that, for all finite stopping
times 7,

Elg(X7) [ Fr] = Lir=oyElg(Xe) | Fo] 4+ L=y Elg(Xr o) | F7]
= 1=} Elg(Xe) [ 0(X0)] + Lir=03 Elg(Xrpe) [ 0(X7)]
= E[Q(XTH) | U(X‘r)]'
Hence X is a strong Markov process. 0
LEMMA A.2. Let B be a standard Brownian motion on R* and & an FB-predictable
process taking values in the set of positive semidefinite matrices. Let X be a square-
integrable Ito process satisfying dX; = 6,dBy for t € [0,1]. If X is a Markov process, then

there exists a measurable function o : [0,1] x R? — R4 taking values in the set of positive
semidefinite matrices such that

(A.1) dX, =0,(X,)dB;, te[0,1].
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PROOF. Fix s € [0,1]. Then, for any ¢ € [s, 1],
E[IX[* — X | FE] = B Xl — X | 0 (X)),
almost surely, by the Markov property. Thus

1 ! 1 t
i E / G2dr | FX | =1lim E / &2dr | o(Xs)],
INst— S s Nst—s s
almost surely. Hence o is almost surely adapted to the sigma-algebra generated by X, and
the representation (A.1) holds. ]

APPENDIX B: AUXILIARY RESULTS FOR THE EXAMPLES OF SECTION 4

LEMMA B.1. In the setting of Remark 4.4, for each ty € (0,1], the process X' mimics
u on [to, 1]. Moreover, as to — 0, there exists a limit X of X to jn distribution such that

(Xt)te[tl,l] ~ (Xfl)te[tl,l],ﬁ?’” any t1 € (0, 1]-

1
PROOF. For t € (0,1) and n € N, denote A, 1, = {>7_, & < Ar — Ay <001 &)
Note that the sum of n independent exponential distributions with rate parameter 1 is dis-
tributed according to a Gamma distribution with shape paramter n and rate parameter 1.
Therefore we have

A=Ay n—1 A — A, )P
(B.1)  PlAny]= et g — BT M) ),
e 0 (n—1)! n!

Fori=1,2, we compute

PIX;" €St | X €Sy = Z Loz4i(n)P[Ant,]

neNU{0}
A —Ae)" _(a—
= Y b BT )
neNU{0} ’
sinh(A:—Ay,) -
_ e(At*AtO)O 1= 17
cosh(Ay—Ay,) _9
e(At—Atg) - e

Therefore, by rotational symmetry, we have that Xf(‘)’ ~ ¢, implies that Xf“ ~ iy for all
t € [to,1]. Now note that by the memoryless property of the exponential distribution we
have, for 0 <ty <t; <1,

(Xfo)te[tl,l] ~ (Xfl)te[tl,l]-
Hence, as to "\, 0, there exists a limiting process X = (X¢);c[o,1) With cadlag paths that sat-
isfies the desired properties. O
LEMMA B.2. Let X be as in Remark 4.4 and let f: R? — [0, 1] be measurable. Then,
forte|0,1],
®2) [ (X0) | 73] = lim B[/ (X,) | 7] = EIf(X0)] s

PROOF. Note that the first equality in (B.2) is due the martingale convergence theorem.
By the Markov property at ty, we have that, for 0 < ty <,

E[f(Xt) ’ft)j] = E[f(Xt) | Xto]'
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By construction, given the starting point X;, = x € 57520, we have X; ~ Xf“. Now use the
independence of (U, )nen and (&) ken to compute that

E[f(X0) | Xty =al= > Ella,, (1oz(n)f(Va) + Lazi1(n) f(Un)]
neNU{0}

= Y PlAng)(Laz(mE[f(V)] + Loz (n)E[f(U))),

neNU{0}

where U ~ Unif(S]) and V ~ Unif(S?). Since the law of X, is given explicitly by p; =
3(L((0,0,4tU)) + L(v/tU,0,0)), it remains to prove that

1
Z P[A2p ,] — 3 as £t \, 0.

neNU{0}

Using (B.1) and noting that A; — A, diverges to +oo for ¢y \, 0, we find that

cosh(A; — A 1
Z PlA2n1,] = W 5
neNU{0}

and conclude that (B.2) holds. ]

LEMMA B.3.  Letn € N and set t) = 2= (n+1) '+, = 27" Then, in the setting of Proposi-
tion 4.7, with 8} .= {3x € Sty |z — Y| <t} fort€[0,1], i = 1,2, there exists a constant
C > 0 such that

P[S;, A S]] < Cty.

PROOF. Fix to =2~ ("t ¢, = 27" for some even integer n € NU {0}. Then we have
that 2~ (1) 2-"] € I}, and so ay(t) and p|x, are constant on this interval. Subsequently,
we will repeatedly employ the estimates

t)? t)?
E[| X |* + | Npa[4] < al();a?() + 3t% < C?,

(B.3) u

P[|Nps| > a] <

?’ a> 0.

Similarly as in Proposition 4.6, we split the vector Y into two parts where Y;' denotes the
first two coordinates and Y;? the last two components of Yy, for ¢ € [0, 1]. We aim to bound
the probability of Y* leaving a small ball around Y}/ in the time interval [2-(»+1D) 277] Also

define the events S/ = {3z € St o =Yy <t*}forte[0,1],i=1,2.
First we compute the upper bound

(B.4) B[/ < BIXGP + |Nool?) < gault) + 1
In the case that ¢ = 2 we get the lower bound
E[Y2[ g, ] > E[[Xe, + Nt Py 5| Ngs| < 13
> B[| X1, + N [*Lg; | = E[| Xy, + Nl [Nyga| > 7]
> B[ Xy, |*Lg; ] = E[| Xt |* + [ Nygs |5 [Nigs| > 5],

using the independence of X;, and N;s. We use this independence again, together with the
Cauchy-Schwarz inequality and the estimates (B.3), to show that
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1
(Y"1 ] > 5az2(to) — E[| X, 2+ [ Nyga |5 | Nya | > £3)
1 1
> 5 as(to) — (P[|Nys| > tOE[ X [ + [Ny |1]) 2
1 6
Z 5&2(750) — Cto.

Recalling that as is constant on [to, 1], (B.4) implies that E[|Y;, |*] < Saa(to) + t1*. Since
Y is a martingale we have

E[|Y;) — Y] =E[Y;* — [Yi ) <E[Y) - E[ Vi 1g |-

Combining the upper and lower bounds above gives us

1 1 _ ,
(B.5) B[V = Yo" < Saalto) + 11" - <2a2(t0) - Ct8> < Cot-
for some Cy > 0. By Doob’s maximal inequality we obtain
(B.6) P[ sup |V —Y;2| > t0/2] < 4Cot;.
tE[to,t1]

Next, we prove a similar bound to (B.5) when ¢ = 1. We claim that, for some constant
Cl > 0,

(B.7) B[V} = Yib% (84)] < Cutp.
Since Y is a martingale, we have
E[Y, — Vi % (S)T = B[V |” = Yo %5 (4T S E[IY, %5 (S4)°)
<E[|Y, % (8}, USH)T+E[Y, % 87

We estimate each term separately, using the Cauchy-Schwarz inequality and the estimates
(B.3) in each case. We first bound

B[V 1% (8, U ST < EIY:['2PI(S;, USE)T: < ChP(|Ny| > 6] < O,
To bound the second term, we additionally apply (B.6) to get
E[Y; [ 82] =ElYa %80, Y2 = V2| <to/2] + E[[Y % [YE — Yii| > to/2]
<E[IY; % (S1)] + (Y 'IPYE - 2| > to/2)) 2
< Oyt + (C12 - 4Cot8) > < Cstd.

Combining the two preceding inequalities yields (B.7). As before, Doob’s maximal inequality
implies

(B.8) Pl sup |Y! =Y} >to/4; (SL)°] < 16C1to.
tE[to,t1]

Note that, fori =1, 2,
P[S], A S]] <PIS;, ASL]+PISE\ (S, US)),
and

PSI, \ (81, USI)] = Pt§ < [Ny | < to, [Nyya| = t1] < 5.
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Hence, to prove the conclusion of the lemma, we only require bounds on P[S} A S ], for
i=1,2.
Now consider the events

Ay ={|Y2 = Y2 <to/4} and By, =8} n{|Y;l —Y,}| <to/4},

and observe that (B.6) and (B.8) imply that

P[AS ] <16Cots and P[S}? \ By ] < 16Cto.

We calculate that

PS;, ASL]=PIS;, \ (S, NS +PISL N\ (S}, NS,)]
=P[5, ] + PIS] - 2P[S;, NS,)]
< 2(P[S},] — P[S;, NSA]) + 65,

since P[S} ] > P[S}, | Njus| < 3] > P[S} ] — t{°. Note that we have the inclusions

(SL)NS.L C(SEUSZ)U(SENSL), SENSL CA;.

Hence

PSE ASH <2P[(SE) N SE] + 1Y <2P[(SE USE) U (SENSL)] +t°
< 2P[|Npa| > 3] + 2P[AS ] + to
< 3t3" + 3200t}

On the other hand, we have

P[S7 A S2] <P[S2\ By,] + P[|Npus| > to] < Cto.

Thus we have shown the claim in the case that n is even. Due to symmetry of the arguments
we also obtain the desired result when n is odd. O
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