SHARP NON-UNIQUENESS OF SOLUTIONS TO 2D NAVIER-STOKES
EQUATIONS WITH SPACE-TIME WHITE NOISE
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ABSTRACT. In this paper we are concerned with the 2D incompressible Navier-Stokes equations
driven by space-time white noise. We establish existence of infinitely many global-in-time prob-
abilistically strong and analytically weak solutions w for every divergence free initial condition
ug € LPUCT1H0 p ¢ (1,2),6 > 0. More precisely, there exist infinitely many solutions such

that u — z € C([0,00); LP) N L2 ([0, 00); HS) N L ([0, 00); W%’l) for some ¢ € (0,1), where z is
the solution to the linear equation. This result in particular implies non-uniqueness in law. Our
result is sharp in the sense that the solution satisfying u — z € C([0,00); L?) N L2 ([0, c0); H)

loc
for some ¢ € (0, 1) is unique.
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1. INTRODUCTION

In this paper, we consider the following two dimensional Navier-Stokes system on T? = R?/Z2
driven by a space-time white noise

du + div(u ® u)dt + Vpdt = Audt + d By,
divu = 0,
u(0) = uo, (1.1)

where p is the associated pressure. Here B is a cylindrical Wiener process on some stochastic basis
(Q, F, (Ft)i=0,P). The time derivative of B is the delta correlated space-time white noise. Such a
noise appears in a scaling limit of point vortex approximation and the vorticity form of the 2D Euler
equations perturbed by a certain transport type noise (cf. [FL20, FL21, LZ21]). More precisely,
the scaling limit is described by the vorticity form of the 2D Navier-Stokes system driven by the
curl of a space-time white noise, which is equivalent to the 2D Navier-Stokes equations driven by a
space-time white noise in terms of velocity-pressure variables.

Specifically, it can be shown that under parabolic scaling the space-time white noise in spatial
dimension d is a random distribution of space-time regularity —(d+2)/2—k for any £ > 0. According
to Schauder’s estimates, we expect that solutions will have at most —d/2+1—k regularity. Therefore,
in two dimensions, solutions are already not functions. As a result, the product in the convective
term is analytically undefined, and probabilistic arguments are necessary to make sense of the
equations.

Da Prato and Debussche [DPD02] initially solved this problem locally in time by decomposing
(1.1) into a linear equation and nonlinear equation (see (1.2) and (1.3) below). Moreover, by utilizing
the properties of the Gaussian invariant measure, they were able to obtain global-in-time existence
for almost every initial condition with respect to the invariant measure. Through the strong Feller
property in [ZZ17], global-in-time existence for every initial condition could be derived.

Recently, Hairer and Rosati [HR24] employed dynamic high-low frequency decomposition and
paraproduct to establish the existence of a unique global-in-time solution for initial conditions in
L? U 0~ without relying on any knowledge of invariant measures. Here C~'*? denotes the
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Holder—Besov space, whose definition is postponed to Section 2 below. However, their methods
depend on the solution to the linear equation being a log-correlated field and it is not clear that
whether their method are applicable to even slightly more irregular noise.

In a more singular case, such as the 3D case, Hofmanova, Zhu, and the second named author
of this paper [HZZ23] established global existence and non-uniqueness of strong solutions in a
paracontrolled sense, with the help of the convex integration method. The first goal of this paper
is to extend the result in [HZZ23] to the two-dimensional case. However, the convex integration
method in the 2D case is more complex than in the 3D case since there is less freedom in dimensions,
and a space-time intermittent variant of the framework is required (see [CL23, CL22]).

Additionally, the nonlinearity in the Navier-Stokes system appears similar to the one in the
Langevin dynamics for the Yang-Mills measure, which is the stochastic quantization of the Yang-
Mills field. Local-in-time solutions for this case were constructed in [She21, CCHS22, CCHS24].
However, the existence of global solutions is still an open question. The idea is to use dynamics
and PDE techniques to study properties of the field. Formally, these equations have the law of the
associated field as an invariant measure. In the case of stochastic quantization of the Euclidean
field theory, it was possible to use dynamics to construct and study properties of the corresponding
measure (see [MW17a, MW17b, GH21] and [SZZ23]). As stochastic quantization of the 2D Yang-
Mills field is much simpler than the 3D case, and global existence for the Langevin dynamics for the
2D Yang-Mills measure is unattainable using classical PDE techniques, we hope that our extension
to the 2D case can provide some insight into this problem.

It is also natural to investigate the sharpness of uniqueness/non-uniqueness in this setting. In the
deterministic case, the classical Ladyzhenskaya-Prodi-Serrin criterion ensures that there exists at
most one solution in the class CyL¢, d > 3, without any additional regularity assumptions [FLRT00,
LMO1]. However, it is unclear whether such a result holds in the 2D case. Moreover, in our setting,
if the solution u to (1.1) minus the solution to the linear equation has no further regularity, the
nonlinear term cannot be well-defined. Although [HR24] provides a unique solution space for (1.1),
it is interesting to determine whether such a space is sharp, i.e., whether we could find more solutions
in a slightly larger space. Therefore, the second aim of this paper is to provide an answer to this
problem. Our results are twofold:

e We prove that there exists at most one solution u satisfying u — 2z € C([0,00); L?) N
L2 ([0,00); H®) for some ¢ € (0,1), which can be viewed as Ladyzhenskaya-Prodi-Serrin
criteria in this setting. Here z is defined in (1.4) below.

e The above result is sharp in the sense that there exists infinitely many solutions in a slightly
larger space. More precisely, for every divergence free initial condition in LP,p € (1,2) we
show existence of infinite many global in time probabilistically strong and analytically weak

solutions u such that
u—z € C([0,00); L) N Lit ([0, 00); HY)

P-a.s. for some ¢ € (0,1). We also emphasize that our method also applies to more rough
noise.

1.1. Main result. Using Da Prato-Debussche’s trick, we divide the equation (1.1) into two parts:
the following linear equation:

dz — Azdt + Vp, = dB,
divz =0,
z(0) =0, (1.2)
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and the following random PDE:
dv — Avdt + div((v + 2) ® (v + 2))dt + Vp,dt = 0,
dive = 0, (1.3)
v(0) = ug.

The solution to (1.2) can be written as

t
z(t) == IP’H/ e=9)24B,, (1.4)
0

where €2 is the heat semigroup and Py is the Helmholtz projection. Note that here we do not

choose z being stationary, since the zero initial condition will be convenient to deal with the LP
initial condition. Similar to [DPD02], Gaussian computation guarantees we still have z € CpC~*
for k > 0 and give a meaning to div(z ® z) by Wick product. More details can be seen in Section
3.1.

Let us now formulate the definition of the probabilistically strong and analytically weak solutions
to (1.1). To this end, we recall that By is the given R?-valued cylindrical Wiener process defined on
a stochastic basis (Q, F, (Ft)t=0, P).

Definition 1.1. We say that an (F;)i>o-adapted process u is a probabilistically strong and analyt-
ically weak solution to the Navier-Stokes system (1.1) provided

(1). u—2z€ C([0,00); L) N LE ([0, 00); L?) N L ([0, o0); W3:l) P-a.s., where z(t) is defined in
(1.4).

(2). for every 0 < s <t < oo it holds P-a.s.

((u—2)(t),v) +/ (div((u—z)@(ufz) +tu—2)®z4 28 (u—2) +z:2:>,1/)>dr

— ((u—2)(s),9) + / (Au - 2),9)dr

for all ¢y € C®(T?),divyp = 0. Here 2% is defined as a Wick product of z ® z and we refer to
Proposition 3.1 for the detailed definition.

Our first main result concerns the existence of infinitely many global solutions for any initial
condition in LP U C~'* with p € (1,2),6 > 0.

Theorem 1.2. Let ug € LP U C™H9 with some p € (1,2),6 > 0 P-a.s. be a divergence free initial
condition independent of the Wiener process B. Then there exist infinitely many probabilistically

strong and analytically weak solutions u to the equation (1.1) on [0,00) in the sense of Definition
1.1.

Moreover, if ug € LP with some p € (1,2), then for any 0 < k < (1 — %) ANE-1)K

: it holds
that

1
3

z € Cloc([0,00); C™F),
u—z € O([0,00); L) N Liye([0, 00); HY) N Ly ([0, 00); W)
P-a.s. for some ¢ € (0,1) independent of k, where z is defined in (1.4).
Remark 1.3. We could also cover the case introduced in [HR24]
du + div(u @ u)dt + Vpdt = Audt + Zdt + dB,



NONUNIQUENESS FOR 2D NSE WITH SPACE-TIME WHITE NOISE 5

divu =0, u(0) = up,

where Z is in the parabolically scaled Holder-Besov space C;ﬁ:ﬁ”‘ as defined in [Hail4, Definition

3.7] with s = (2,1). In this case, we could set z = Py fg et=9)A4B, + Py fot et=9)2A Zds and
then do the same decomposition. Here by the regularity of Z, the Schauder estimate leads to
fot et=5)A zds € CpC?%. Then we define

t 2 t t t 2
2:2:(t) i (]P)H/ e(t—S)AdBS) . +2]P>H/ e(t—S)AdBS]P)H/ e(t—S)AZdS + (PH/ e(t—S)AZdS) ]
0 0 0 0

2
Then z € CrC~" and 2% € CpC~2*, where we used renormalization of : (IP’H fot e(t*S)Ast> s in
CTCHQ'{Q.

Furthermore, our construction directly implies the following result.

Corollary 1.4. Non-uniqueness in law holds for the Navier—Stokes system (1.1) for every given
initial law supported on divergence free vector fields in LP U C~1F0 for p € (1,2),6 > 0.

In the present paper, our idea is to utilize convex integration method in order to construct
global-in-time solutions. This iterative technique allows us to construct solutions step by step, with
each iteration explicitly addressing a specific scale. This method heavily relies on the structure of
the nonlinearity, which propagates oscillations and reduces the Reynolds stress error term as we
progress through the iteration, gradually bringing us closer to a solution. In this study, we employ
the accelerating jets technique proposed in [CL23] for the two-dimensional case. Compared to the
spatially intermittent framework used in [HZZ23] that was based on [BV19a], the accelerating jets
with space-time intermittent variant allow us more flexibility in terms of the non-uniqueness range
scaling. The accelerating jets used time periodicity and in the stochastic setting we have to modify
some estimate (see Remark B.2 and Theorem C.1) to adjust the stopping time. For more information
on convex integration, please refer to section 1.2.

To enable convex integration in the singular setting of equation (1.3), we adopt a further decom-
position of the Navier-Stokes system (1.3), following the approach in [HZZ23]. Specifically, we split
v into e'®ug + v' 4+ v, where v! represents the irregular part and v? represents the regular part.
The equation for v! is linear, while the equation for v? contains the quadratic nonlinearity. The
equation for v! can be solved using a fixed point argument, and we apply convex integration on the
level of v2. Since the equation for v? is coupled with the equation for v', we propose a joint iterative
procedure that approximates both equations. Compared to [HZZ23], we separate the initial value
part as our initial value is only in the LP space. This also leads to a different extension for the initial
value part with ell®u, to negative time for the mollification around ¢ = 0, which is required in the
convex integration estimate. Additionally, in [HZZ23], to handle the singularity of v! around zero,
the authors put some regular terms into the equation of v'. In this paper, as we use the accelerating
jets introduced in [CL23] and only control the LY.L norm of the Reynolds stress, we could keep
these regular terms in the equation of v2. To maintain the same initial value during the iteration,
the oscillation can only be added for positive times. In our setting, we need to take care the term
that arises from the noise part in a small time interval near zero (see Remark 3.7).

Finally we obtain the following sharp uniqueness result in the space C([0, 00); L?)NL2 ([0, 00); H®)
which can be viewed as Ladyzhenskaya-Prodi-Serrin criteria in this setting.

Theorem 1.5. There exists at most one probabilistically strong and analytically weak solution u
to the equation (1.1) on [0,00) in the sense of Definition 1.1 such that u — z € C([0,00); L?) N
L2 ([0,00); HS) P-a.s. for some ¢ € (0,1), where z is defined in (1.4).

loc
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Remark 1.6. If ug € L™ there exists exactly one solution u such that u — z € C([0,00); L?) N
L2 _([0,00); H®) by [HR24].

loc
Remark 1.7. The uniqueness result in Theorem 1.5 also holds for the deterministic 2D Navier-
Stokes equations, i.e. B = 0. The proof follows by the same argument.

1.2. Convex integration. Convex integration was first introduced to fluid dynamics by De Lellis
and Székelyhidi Jr. [DLS09, DLS10, DLS13]. Since then, this method has led to several break-
throughs in the field, including the proof of Onsager’s conjecture for the incompressible Euler equa-
tions [Isel8, BDLSV19]. Also the question of well/ill-posedness of the three dimensional Navier-
Stokes equations has experienced an immense breakthrough: Buckmaster and Vicol [BV19b] es-
tablished non-uniqueness of weak solutions with finite kinetic energy, Buckmaster, Colombo and
Vicol [BCV21] were able to connect two arbitrary strong solutions via a weak solution. Sharp non-
uniqueness results for the Navier-Stokes equations in dimension d > 2 were obtained by Cheskidov
and Luo [CL23, CL22]. We refer to the reviews [BV19a, BV21] for further details and references.

The first work on convex integration in the stochastic setting is due to Breit, Feireisl and Hof-
manové [BFH20]. Later in [HZZ24, HLP24, Pap24], non-uniqueness in law of weak solutions to
the Navier-Stokes equation driven by additive, linear multiplicative, transport noise, and nonlinear
noise of cylindrical type was established. In [HZZ22a], similar results were obtained, along with the
existence and non-uniqueness of strong Markov solutions for the Euler equations. The long-standing
problem of constructing probabilistically strong global solutions to the Navier-Stokes equation per-
turbed by trace-class noise, along with non-uniqueness statements for such solutions, was solved
in [HZZ23b, CDZ24]. By combining convex integration techniques with tools from paracontrolled
calculus [GIP15] for singular SPDEs, [HZZ23] was able to study the Navier-Stokes equation per-
turbed by space-time white noise, yielding global existence and non-uniqueness of weak solutions.
Remarkably, the interplay of techniques allows pushing the solution theory even further into the
regimes of so-called supercritical equations [HZZ23a] that are inaccessible by standard theories for
singular SPDEs such as paracontrolled calculus or regularity structures [Hail4]. Finally, in the
most recent works [CDZ24, HZZ22b], a stochastic convex integration theory is developed, leading
to non-uniqueness of stationary ergodic solutions to stochastic perturbations of the Navier-Stokes
and Euler equations.

Convex integration has also been applied to other related equations with weaker diffusion, such as
power-law fluids with a small parameter p (see [BMS21], and [LZ23] for the stochastic setting), and
hypodissipative type Navier-Stokes equations (see [CDLDR18, RS23, Yam22a, Yam22b, Yam22c,
Yam24a, Yam24b]).

In summary, the convex integration method has been successfully applied in fluid dynamics to
study the incompressible Euler and Navier-Stokes equations, as well as their stochastic counterparts.
However, constructing Leray solutions using convex integration remains an open problem, and a
recent non-uniqueness result for Leray solution with forced Navier-Stokes system was obtained by
a different method [ABC22].

Organization of the paper. In Section 2 we collect the basic notations and preliminaries used
throughout the paper. In Section 3 we recall the construction of stochastic objects and present a
formal decomposition of the system into the system for v! and v? as discussed above. Then we
explain the set-up of the iterative convex integration procedure and provide proofs of our main
results, namely, Theorem 1.2 and Corollary 1.4. We give estimates of vé in Section 4. Section 5 is
devoted to the core of the convex integration construction, namely, the iteration Proposition 3.6.
The proof of Theorem 1.5 is shown in Section 6. Finally in Appendix we collect several auxiliary

results.
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2. PRELIMINARIES

Throughout the paper, we employ the notation a < b if there exists a constant ¢ > 0 such that
a < cb.

2.1. Function spaces. Given a Banach space E with a norm || - ||g and T' > 0, we write CpE =
C([0,T); E) for the space of continuous functions from [0,7] to E, equipped with the supremum
norm || fller g = supyep, ) |1 f(¢)||p- For a € (0,1) we define CZE as the space of a-Holder contin-
ILf(s)=f(Dlle

1e)=ile

t—s|«
supsefo,r | f(¢)||e. Here we use Cf to denote the case when E' = R. For p € [1,00‘] W‘e write
LY E = LP([0,T); E) for the space of LP-integrable functions from [0,7] to E, equipped with the
usual LP-norm. We use LP to denote the set of standard LP-integrable functions from T2 to R?. For
5s>0,p>1weset WP := {f € LP;|[(I-A)3 f|r» < oo} with the norm || f||wesr = |(I—A)Z f||1s-
For T > 0 and a domain D C RT we denote by C]T\fm and C’gym, respectively, the space of CV-
functions on [0, 7] x T? and on D x T2, respectively, N € Ny := NU {0}. The spaces are equipped
with the norms

uous functions from [0,7] to FE, endowed with the norm | fllcer = sup, seo,77, s

Hf||cgw = Z HatnDafHL;OLoo, ||f||cg,l, = Z sup [|9;" D f| =
0<n+lal<N o<n+al<n F€P
n€Ng,a€NS n€Ng,aeN;
We define the projection onto null-mean functions is P.of := f — de fdx. For a tensor T , we

denote its traceless part by T:=T-— étr(T)Id. By 8%? we denote the space of symmetric matrix
and by S(‘)i *d the space of symmetric trace-free matrix.

We use (A;);>1 to denote the Littlewood-Paley blocks corresponding to a dyadic partition of unity.
Besov spaces on the torus with general indices a € R, p,q € [1, 00] are defined as the completion of
C°(T?) with respect to the norm

. 1/q
lullsg, = (D2 2ouasulf,) .

jz-1

The Hoélder—Besov space C'“ is given by C* = B2

00,007

and we also set H* = B3,, a € R.
The following embedding results will be frequently used.

Lemma 2.1. (1).([GIP15, Lemma A.2]) Let 1 < p;1 <K pa < o0 and 1 < 1 < g2 < 00, and let « € R.
Then BS, .. C Bpaar /717172,

(2).([Tri78, Theorem 4.6.1])Let s € R,1 < p < oo,e > 0. Then W52 = B3, = H®, and B, C
WeP C By ., C Bp1“.
2.2. Paraproducts. Paraproducts were introduced by Bony in [Bon81] and they permit to decom-
pose a product of two distributions into three parts which behave differently in terms of regularity.
More precisely, using the Littlewood-Paley blocks, the product fg of two Schwartz distributions
f,g € 8'(T?) can be formally decomposed as

fog=F=<g9+f~g+/fey,
with

F=g=g-f=> > AifAjg, fog= > AifAg.

j=2—li<j—1 li—7]|<1
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Here, the paraproducts < and > are always well-defined and critical is the resonant product denoted
by o. In general, it is only well-defined provided the sum of the regularities of f and ¢ in terms of
Besov spaces is strictly positive. Moreover, we have the following paraproduct estimates.

Lemma 2.2. ([GIP15, Lemma 2.1],[MW17a, Proposition A.7]) Let 8 € R, p,p1,p2,q € [1,00] such

that £ = L + L Then it holds
p P1 p2
1 < gllgp, S IFlzmllgllsg, -
and if a < 0 then
< o
1 < gllgsss < 171z, ol s
If a«+ B > 0 then it holds
< 4
Ifoalpse S 17115, gl s -

We denote == o+ >, <=0+ <.

Analogously to the the real-valued case, we may define paraproducts for vector-valued distribu-
tions. More precisely, for two vector-valued distributions f,g € S’(T%; R™), we use the following
tensor paraproduct notation

f@g=(fi9))i5=1=fQg9+f©@ g+ O g=_(fi 29j)i=1+ (fiog))i=1 + (fi = 9j)i=1,
and note that Lemma 2.2 carries over mutatis mutandis. We also denote @ = 0+ O, & = 0+ Q.
We also recall the following lemma for the Helmholtz projection Py

Lemma 2.3. ([HZZ23, Lemma 2.5]) Assume that o € R and p € [1,00]. Then for every k,l = 1,2

P fllBg .. S I/l

p.co ™

Finally, we introduce localizers in terms of Littlewood-Paley expansions. Let J € Ny. For
f € 8'(T?) we define

Assf =Y Ajf, Acsf=> Ajf.

i>J Jsd
Then it holds in particular for a < 8 < 7y
185 flloe S 2770 flles, A< fller S 270D flls- (2.1)

2.3. Anti-divergence operators. We recall the following anti-divergence operator R from [CL23,
Appendix D], which acts on vector fields v as

(Rv)ij = Rijkvk
where
Rijk = —A‘lakéij + A‘laiéjk + A‘lajéik.
Then Rov(x) is a symmetric trace-free matrix for each x € T2, and R is a right inverse of the
div operator, i.e. div(Rv) = v —jngvdsc By a direct computation we have for any divergence-free
v € C*(T?,R?)
RAv = Vo + V7. (2.2)

Let C§°(T? R?) be the set of smooth functions with zero mean. By [CL23, Theorem D.2] we

know for any 1 < p < oo, 0 € N, f € C5°(T? R?)

IRf(o)lze < o™ I f o (2.3)
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Let C§°(T?,R?*2) be the set of smooth matrix valued functions with zero mean. We also introduce
the bilinear version B : C°°(T?,R?) x C§°(T?,R?*2) — C°°(T?,S;*?) by

(B(v,A))ij = uRijrAix — R(O;uiRijiAix).
Then by [CL23, Theorem D.3] we have div(B(v, A)) = vA — fz,vAdz and for any 1 < p < oo
1B(v, Al < llvller [RA]l e (2.4)

2.4. Probabilistic elements. Regarding the driving noise, we assume that B is a vector-valued
L2-cylindrical Wiener process on some stochastic basis (2, F,P). The time derivative of B is the
space-time white noise.

3. CONVEX INTEGRATION SET-UP AND RESULTS

This section is devoted to the proof of Theorem 1.2 and Corollary 1.4. The goal is to establish
existence of non-unique global-in-time probabilistically strong solutions to (1.3) for every given
divergence free initial condition in L? U C~*° for p € (1,2),6 > 0.

3.1. Stochastic objects. Let us recall that due to [DPD02], the equation (1.3) is locally well-posed
for initial conditions in C~1*9. The solution u belongs to C([0,t0); C~*%) where t, is a strictly
positive stopping time so that |ju. — u||CtOC—1+5 — 0 in probability. Here, u. denotes the solution
to the regularized Navier—Stokes system

Oue + div(ue ® ue) + Vpe = Aue + ¢, divu, =0,

where (. is a mollification of the space-time white noise ¢ = %. To summarize the main ideas, let

z¢ be the solution to
Opze + Vp* = Aze + (., divze =0, 2z/(0)=0.

Then z. — z in LP(Q,CprC~%) for every p € [1,00),k € (0,00). Moreover, the renormalized
product z% can be defined as a Wick product in the sense that for any ¢ € [0,7] there exist
diverging constants C(t) € R?*2 C¥(t) — oo, so that

Z;2:(t) = Ze ® Ze (t) - Ce(t)

has a well-defined limit in LP(Q, CrC~") for p € [1,00). In fact, Cc(t) = E[z. ® z.(t)], which implies
div(2:%(t)) = div(2ze ® z.(t)). We recall the following result from [DPD02, Lemma 3.2, Theorem 5.1]

Proposition 3.1. For every k > 0,0 < § < i, there exist random distribution z,z% such that

ze = z in CpC~ N C;/gc’_"_‘s and zf: — 2% in CrC~25N 02/20_2“_5 P-a.s. ase — 0.

Remark 3.2. In fact for equation (1.3) if regularity of z in C7C ™" and z'* in C7C~2%, k € (0, 3)
our argument also works, which can be seen in (3.8) below. Here xk < % is necessary otherwise the
term v ® z + z ® v in (1.3) is not well-defined and we need to perform a further decomposition.

3.2. Formal decomposition. Following the way in [HZZ23, HZZ23b] we begin by constructing
local probabilistically strong solutions with Cauchy problem for the initial condition in LP for p €
(1,2). Then we use the final value at the stopping time of any such convex integration solution as
a new initial condition for the convex integration procedure. This way we are able to extend the
convex integration solutions as probabilistically strong solutions defined on the whole time interval
[0, 0).
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To this end, we intend to prescribe an arbitrary random initial condition ug € L? independent
of the given Wiener process B. Let (Ft):>0 be the augmented joint canonical filtration on (€2, F)
generated by B and ug. Then B is a (F;);>0-Wiener process and ug is Fo-measurable.

To deal with (1.3) we split v = 2" + v! 4+ v? where 2" = e/®ug and e*® is the heat semigroup.
The equation for v! contains all the irregular terms of the product (v + z) ® (v + 2), whereas
the regular ones are put in v?. Additionally, the equation for v!' shall be linear so that it can be
solved by a fixed point argument. The decomposition can be done as follows. The product z ® z
needs to be constructed by renormalization as a Wick product denoted by z% and it is of spatial
regularity C~2%. So we have the first irregular term z'%. Then with the help of paraproducts and
Littlewood-Paley projectors defined in Section 2, we write

W'+ + 2" @z= (' +12 +2")Q Aspz
+ (@ 02+ 2@ Asrz + (v + 0% + 2 @ Acrz,
where the first line on the right hand side is irregular and the second and the third are regular. We
treat the symmetric term 2 ® (v! + v? + 2") the same way. Here we included a suitable cut-off R
to be chosen appropriately in Section 4. This eventually simplifies the fixed point argument used to
establish, for a given convex integration iteration Ug, the existence and uniqueness of v;. Finally,
we have the regular term (v! + v? 4 2i") ® (v! 4+ v% + 2). This leads to
(0 — Ayt + Vp! +div(z® + (v' + 0% + 2") QAspz + Asrz Qv + 0% + 2™)) =0,
dive! =0, (3.1)
v'(0) = 0.

(0r — A)w? + Vp? + div((v! + v + 2™) ® Acpz + Acrz @ (v! + 02 +27))
+div((vt + 0% + 2" @ (! + 0%+ 27))
+div((vt + 02 + 2" @A Rz + Asrz @ (v 0% 4+ 2™)) =0,
dive? =0, (3.2)
v*(0) = 0.
It is easy to see that v = 2™ + v! + v? solves (1.3). As in [HZZ23], these equations need to be

considered together with in the convex integration scheme and we put forward a joint iterative
procedure.

Remark 3.3. Compared to [HZZ23] we do not include the terms A~ gz & (v! +21") and (vl + 2™)
© Asgz in (3.1). These terms require regularity of v* + 2z and lead to a negative power of ¢ in
the estimate of }D%q. In [HZZ23], the authors bound the C;L! norm of }D%q, whereas here we bound it
in a weaker L} L!-norm.

3.3. Convex integration set-up. The convex integration iteration is indexed by a parameter
g € Ny. It will be seen that the Reynolds stress R, is only required for the approximations vg of v?,
whereas the approximations v; of v! are obtained by a fixed point argument.

We consider an increasing sequence {\q }4en, C N which diverges to oo, and a sequence {d, }gen,uf—1}
C (0,1) which decreases to 0. We choose a € N,;b € N, 3 € (0,1) and let

‘ 1
A =a®) geNy, §,= 5)\:1)5)\;23, geN, do=06_1=1,
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where 3 will be chosen sufficiently small and a as well as b will be chosen sufficiently large. In
addition, we used

20441 < 0, (3.3)
for ¢ € Ny and
1
> 62 < Z bh—abh <1, (3.4)
T _ —bB
qg=1 q>1 f 1 a v
which boils down to
a1 >0 g > 4> 2412, (3.5)

We assume (3.3)-(3.5) from now on. Then we choose o € (0,1) small enough and define f(q)

satisfying 2/(9) = )\g/s. We require that f(¢) € N, which can be satisfied by choosing an appropriate
value of a. More details on the choice of these four parameters a, b, o, 8 will be given in Section 5.1
below.

At each step ¢, a triple (vq7 vq, R 4) 1s constructed solving the following system:

(8 — M)y + Vpp+div(z® + (vh + 02 + 2™) QAL () A r2)
+div(Ag ) Asrz O(vy + v +2™)) =0,
divvé =0,
vg(0) =0. (3.6)

(0 — A)Ug + Vpg + div((v; + 112 +2M® (v; + ’Ug + 2"™))
+ div((v; + 112 +2"™) @ Acpz + Acrz ® (v; + vs + ')
+ div((v; + vg + 2" @A rz + As g2 @(v; + vg +2') = div]%q,
dive =0,
v2(0) = 0. (3.7)

Here we add the localizers A¢y(q) in the equation of v; 41, which are used to control the blow up of
a certain norm of v; as ¢ — oo. Note that the Reynolds stress Zﬂ%q is only included in the equation
for vg. Indeed, the equation of vg contains the quadratic nonlinearity which is used in the convex
integration to reduce the stress.

At each iteration step g + 1, we first use the previous stress ]o%q to define the principle part of the
corrector wfl +)1, the incompressibility corrector wé‘fﬁl and the time corrector wé?_l in terms of the
accelerating jet flows introduced in Appendix B. This gives the next iteration vg 1 and consequently
we obtain v; 41 by a fixed point argument.

As the next step, we define a stopping time which controls suitable norms of all the required
stochastic objects. Namely, by Proposition 3.1, for L > 2 we define kg := (1 — 7) (% -1)< % and
let for some 0 < Kk < Ko

Tt =inf{t > 0,]|]2(t)]|c-« > LY} AL,
Ti: = inf{t > 0,|lzllgorzgn-ry > L} Ainf{t 2 0, 12] 3 p > LAL

4(1 2k — ;‘O)C,%JrTo
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TP : =inf{t > 0,]|2% ()| c-2« = LY?} A L.

Then Ty, is P-a.s. strictly positive stopping time and it holds that T;, — co as L — oo P-a.s.

We intend to solve (1.3) for any given divergence free initial condition ug € LP measurable with
respect to Fy. However, in the first step, we take the following additional assumption: Let N > 2
be given and assume in addition that P-a.s.

l[uolle < N. (3.9)

We keep this additional assumption on the initial condition throughout the convex integration step
in Proposition 3.6. In Theorem 3.10 it is relaxed to ug € LP P-a.s and finally, Corollary 3.11 proves
the result if ug € LP U C~1*% § > 0 P-a.s. We suppose that there is a deterministic constant
M (N) > max{L% N2L?}, In the following we write My, instead of My (N) for simplicity. We
denote A = ([p‘gfpl] +1)Mp,00 = 84,9 € NoU{—1},v4 = dg,9 € No\{3},73 = K. K > 1is a large
constant which is used to distinguish different solutions.

Remark 3.4. Comparing to [HZZ23], here we choose o, = 4, for ¢ € Ny U {—1} and v, = d, for
q € Ng\{3} to deduce v € L2([0,Ty]; H®) for some ¢ > 0 (see (3.24) below for details).

To handle the mollification around ¢ = 0 needed in the convex integration below, we require that
(3.7) is satisfied also for some negative times, namely, it holds on an interval [t,,Ty] for certain
ty < 0. More precisely, we let ¢, := —1 4 21@@ (5,1-/2 and by (3.4) we obtain —1 < ¢, < 0. Here
we defined Y3, .o := 0. For ¢ € No,t € [tg,0) we assume 2"(t) = eltBug, 2(t) = vy (t) = v2(t) =
0, Ry(t) = 2" (H)®z"(t). As vz equals zero near zero, dyv2(0) = 0, which implies by our extension
that the equation (3.7) holds also for t € [t4,0).

Remark 3.5. Comparing to [HZZ23], we do not extend 2z and éq by their values at time zero as
ug is only in LP for p € (1,2) and we need to ensure 2™"®z"" in L; L} within the estimate for R,.

The key result is the following iterative proposition, which will be proved in Section 5 below.

Proposition 3.6. Let p € (1,2), L, N > 2 and assume (3.9). There exists a choice of parameters
a,b,a, B such that the following holds true: Let (v;,vg, R,) for some q € Ny be an (Fi)i>0-adapted
solution to (3.6) and (3.7) satisfying

q q q—1
107112, 22 < Mo(M™ D7 83> + VM 37 0/%) + V2Mo(My + 4)'2 Y (mo 1)
m=1 m=1 m=1
< Mo M3 4 V2Mo M (K2 4 1) + 17Mo (M, + A)Y/?,
v2(t) =0, tEtg,o00 NTL],
(3.10)
for a universal constant My, where we define 3 .« 1 :=0,3 .o =0, and
W2llcs, < NMP, e o, TL), (3.11)
q
1/2 1/2

ozl 1o < M2 D7 017 < My, (3.12)

m=1
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[[1BqllLt

(04q—1ATL,TL]

1 < Mpdgia,

2

o 2
HRq”L[lO,TL]Ll < Mpog+1 + 2(q+1)Aaq 7, (3.13)

h.oo_2
sup ||R I 1 < 2(q+ 1)A(§)2 » for any h € (0,(cq ANTL) — t4].

ty<a<(ogATL)— (oot -

Then there exists an (F;)i>o-adapted process (vi, 1,02, Ryi1) which solves (3.6) and (3.7) on the
level ¢ + 1 and satisfies

1 2\ — 1/2¢1/2
oG — U§||CTLLP s M / A1 < ML/ 561-/1-17 (3.14)
1/2 1/2c1/2
10241 = V2o, wismers < My / A < MPM, (3.15)
2 1/2¢1/2 1/2 1 9
login = vz, oy e <Mo(My 2805 475 (ML? —20,0)'72,
1/2
lvgx — vgllz, g oy ot SMo((M gAY Al (20-1) Y2, (3.16)

021 (t) =0, for t € [tgg1,0441 ATL].
Consequently, (v, 1,071, Ryi1) obeys (3.10)-(5.13) at the level g + 1. Furthermore,
CRBs e =% (T~ 2 AT < 5Mpdger. (317)

[ L

(2TT]

Remark 3.7. As we used accelerating jets introduced in [CL23], the bound for v2 is L? in time
and for R, is L' in time compared to [HZZ23]. Moreover, we have extra (¢ 4+ 1)A term in (3.13),
which comes from the noise part and propagates to all the other estimates. To still obtain R, — 0

in L1([0,T7]; LY), we keep track of the length of interval in the estimate of Iflq, which present in the
last line of (3.13).

Note that Proposition 3.6 does not include any bounds on v;, v; 11- Indeed, the definition of the
new velocity v2,, does not require v, ;. Once vZ,, is obtained, all the necessary bounds for v,
can be deduced from Section 4 below. Specifically, in Section 4, we demonstrate the following.

Proposition 3.8. Under the assumptions of Proposition 3.6, it holds for 0< Kk < ko

1/2 1/2¢1/2
||”;+1 - U(:ILHCTLL2 S HU;H ”CT 1nmr0 S My / (>\ al +L5/4/\ ) < ML/ 5q-/«-1a (3.18)
logllen, 12 < lvglley, pioe—ro S L¥?+ L7240y + N) < M/, (3.19)
1/21\ a
& q||c o STEMPAG (3.20)

We intend to start the iteration from v = 0 on [0, 7). Then (3.10)-(3.12) hold. In that case, we
obtain v} by (3.6) and Ry is the trace-free part of the matrix

(Vg + 2™ @A<rz + Acrz®(vg + 2™™) + (v§ + 2@ (vg + 2™)
+(vg +2™) @A>rz + Aspz Q(vg +2M).
By (2.1), (3.8) and the choice of R in Section 4 we obtain
I1A<rzllc,L~ + lIzllcic—~ S [A<rzlle,omors + l12llc,o—x
< @GR L 1)|l2llg 0 S (23%F + 1|2l c,0-n S L7/, (3.21)
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By [DV15, Lemma 9] we obtain for ¢ € [0,T;],p € (1,2)
. , 11
12" @O llware-10 + 127 (@)l L2 S (L4277 ||luol| o

With these bounds in hand, by Lemmas 2.1, 2.2 with 2/p—1—x > 0,1—2k—£g > 0 and Proposition
3.8 we have for t € [0,7%]

1Ro (D)l < 2(108ll ¢, grr—rno + 12" Ollwaro-12) 1Azl C,zoe + [2llo,ox) + 1o () + 2 ()7
S (lwollg, grr—no + 12" Ollwerr-10)? + (IA<rZlCrz + 2llcio-+)? + g (8) + 2™ ()72
< (L3/2 +L‘3/4(M£/2 +N))2 +(1+ |t|l/2—1/p)2N2 4+ P
SLP 4+ L7312 My, + N2(1 + [t|'=%/P), (3.22)

which implies that
o 1
”RO”L[lo . S LS4+ L7Y2Mp + N?(L+ L*7%/7) < iML'
4L

Here and in the following we used L large enough to absorb the implicit constant.
For 0 <t <og ATy <1, wehave t'=2/? > 1as1— 2/p < 0. Then we have

[Ro@)lle < (2 - 2/p) At =2/,
For —1 < tg <t < 0 we have Ry(t) = 2”@z and |t|'~2/? > 1 as 1 —2/p < 0. Therefore we obtain
1Ro(D)ll S =" @)I1F2 S N3+ [¢]'72/7) < M|t ~2/7. (3.23)

Combining the two inequalities above and by straightforward calculations we obtain for any 0 <
h<ogANTL —to
h

]Ll < 214(7)2_2/1).

sw Rl -

to<a<a+h<ooATL [a,ath

Hence (3.13) is satisfied on the level ¢ = 0 as 0; = 1/2.

3.4. Proof of the main results. We first deduce the following result by using Propositions 3.6
and 3.8.

Theorem 3.9. There exists a P-a.s. strictly positive stopping time T, arbitrarily large by choosing
L large, such that for any Fo-measurable divergence-free initial condition ug € LP,p € (1,2) P-a.s.
the following holds true: There exists an (F;)i>o0-adapted process (v',v?) such that

ot € C(0, Te); HY) N C(0, Te); BLE™™),
v € O(0. T3] L7) N E2([0, T2 HY) 1 00, Ty W)

P-a.s. for 0 < kK < kg, ¢ € (0,1) independent of k, and is an analytically weak solution to (3.1) and
(3.2) with 2™ (t) = e*®ug,v(0) = v%(0) = 0. There are infinitely many such solutions v? and also
infinitely many solutions v = v* + v + 2 to (1.3) on [0,Ty] satisfying

v e C([0,Ty); L) N L3([0, Ty ) HY) N LM([0, Tp); W)
P-a.s. for some ¢ € (0,1).
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Proof. First we consider ug € LP satisfying ||ug||rr < N. Letting v = 0, we repeatedly apply
Proposition 3.6 and obtain (F%):>¢-adapted processes (vq,vq,R ),q € N. By (3.18), (3.20) and
interpolation we obtain

1-3 3
Z HU;Jrl - U;HCTLHC S Z ||’U;+1 - U;HCTLC[ﬁHU;Jrl - U;HCCTLHUS

q20 q20
1 11-3¢ 1 1)3¢

5 Z quJrl - UqHCTLL2qu+1 - UqHCTLcl/2

q=0

1-3¢ 1/2 M

<SS (Miby) T @MY N S MY 6y T S M

q20 q=>0

1-3¢-3¢/p
where we chose 0 < ¢ < 3+35 and used d; < 277 to deduce > 56,11 ° < 00. As a result a

limit v! = lim,_,o, v, exists and lies in C([O,TL];HC). By (3.4) and (3.18) we obtain v} — v' in

C([0,TL]; Bl 5"0) as ¢ — oo. Using (3.4), (3.14) and (3.15) we obtain v* = limg_, v exists and
lies in C([O,TL], LP) N C([0,Ty); W1/26/5), By (3.16) we obtain

1/2¢1/2 1/2 1/4 1 3
071 = v2llez, . re < 2Mo(My/*5303 + 70 My + Mo(M + gA)/(204-1)'7? S MM,

where in the last inequality we used (3.3) to deduce \/653161 < V@27%% < 1. And we note that the
implicit constant depends on K as y3 = K. Then together with (3.11), interpolation and Hoélder’s
inequality we obtain that

T T 2(1-¢) 2¢
2 2112 2 2 2
/0 102, — 02 2edt < / 1024y — o220 02,y — 2% dt

Ty, 1=¢ Ty,
< / 024, — 02|22t / ||v3+1—v§||%pdt

-

¢

< (Mg MLfSZ/3 )1_4(]\4L)\3+1)C S M'(?ML(S3 C ; (3.24)

where we chose 0 < ( < % such that 2(1 — () — % > 0. Thus we obtain v — v* in
LQ([O7TL]; HC)
For 2" part, by [DV15, Lemma 9] we have

1= Bl S lolles 127 Ollzre S 1+ 82757 fuglls, [|2 Ol 30 S @+ 5)[luol 2o

Then we chose 0 < ( < 2 — % and obtained 2z € C([0,Ty]; LP) N L2([0, Ty); HS) N LY([0, Ty]); W3+1)
by calculation. Thus we obtain v € C([0,T]; LP) N L2([0, T.]); H) N L*([0,T1); W3'!) P-ass.
Furthermore by (3.13) we obtain R — 0 in LY([0,TL]; L) as ¢ — oo. Thus (v',v?) satisfies
equations (3.1) and (3.2) before T, in the analytic weak sense. Since v} (0) = vZ(0) = 0 we deduce
v1(0) = v%(0) = 0. Hence v defined above solves (1.3).
Next, we prove non-uniqueness of the constructed solutions. In view of (3.4) and (3.17), we have

| 02172 1o — 2K(T, — 2N Ty))|

(2ATy,, T, ]
o0

1/2
<3 (102022 — [[02]122 e = 2041 (T = 2ATL)|[ + 2 ygra M)/

(2ATy,, Ty, ] (2ATy,, Ty, ]
q=0 q#2
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< OMy, Z5q+1 + QZ’Yq—HMi/Q =c,

q=0 q#£2
and by (3.4), (3.18) and (3.19) we obtain

o'z, ne < lwsllez, o re + D gy —vgllez, oo
q=0

1/2 1+25;f1 1/2 M,

which imply non-uniqueness by choosing dlfferent K. More precisely, for a given L > 2 sufficiently
large it holds P(4 < T1,) > 0. The parameters L, N determine M/ (N) and consequently by choosing

different K = K(L,N) and K’ = K'(L,N) so that vVAK' —¢ — My, > My, + \/2KM;/* + ¢, we

deduce that the corresponding solutions v = vj 42" +v% and vi: = vi, 42" +v%, have different
L?L?-norms on the set {4 < Ty }. In fact, it is easy to see

ok +vkllre, , e < <My +\J2KM)? + ¢ < VAK — ¢ — My, < g +vierllee, . 12

By the choice of K, K’ we have different solutions.

The choice of ¢ depends on p, £, b, which are independent of N, L, K and k, see Section 5.1. Thus
for a general initial condition ug € LP P-a.s., define Qpn := {N — 1 < |Jug||r < N} € Fy. Then the
first part of this proof gives the existence of inﬁnitely many adapted solutions (v, v%") on each
Qn. Letting v := 3" vy vV lay, 02 =3 veny vV 1o, concludes the proof. O

Theorem 3.10. Letuy € LP,p € (1,2) P-a.s. be an Fy-measurable divergence free initial condition.
Then there exist infinitely many probabilistically strong and analytically weak solutions v to (1.3)
on [0,00). Moreover, it holds

v € C([0,00); L) N L, ([0, 00); HE) N L, ([0, 00); W5+)
P-a.s. for some ¢ € (0,1).
Proof. For ug € LP,p € (1,2), by Theorem 3.9 we constructed a probabilistically strong solution v

before the stopping time T7, starting from the given initial condition ug € LP P-a.s. Since Ty > 0 P-
a.s.,we know

[0*(Tp) | e + 0" (TL) e + |27 (TL) || L < oo

Hence we can use the value (v! + v? + 2)(T1) as a new initial condition in Theorem 3.9. More
precisely, now we aim at solving the original system on the time interval [Ty, T, + 11] by applying
Theorem 3.9 with some stopping time T, > 0P -as.

To this end, we define £(0) = (v! + v? + 21")(TL), and we consider 2(t) = 2(t + 11), 2% (t) =
2% (t +Tg). Then we define the stopping time

Ty : =T NT? ANTS,

T} =inf{t > 0,)2()|lc—~ = (L+ DY A(L+1),

77 : = inf{t > 0, 12l o2 g = (L 14

o = (L+ DY A(L+1),

A inf{t >0, ||2’|| 12 —rg ro

C, c

N=
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T3 =inf{t > 0,]|Z% )] c-2x = (L+1)Y2} A (L +1).

Then we find Tp 1 — Ty, < T. Similarly we construct a solution (61,92, 21) on [0, 7], which is still
adapted to (Fiir, )i0. We define vy (t) = (0! +0? 4+ 2) ()1 ppcr, y + (01 + 0%+ 27) (6 —TL) L1, -
By a similar argument as [HZZ23b, Theorem 1.1] we obtain that v! satisfies the equation (3.1) in
[0,Tr4+1] and is adapted to the natural filtration (F;);>o.

Now, we can iterate the above steps to obtain v = vlgcry + Zzozl Vel{ry oy <t<Tryp) and
v € C([0,00); LP) N LE .([0,00); HS) N LY ([0, 00); W3:1) for some ¢ € (0,1), is a probabilistically
strong solution.

Furthermore, as in the proof of Theorem 3.9 we obtain infinitely many such solutions by choosing
different K. 0

Corollary 3.11. Let up € LP UC~ ' p e (1,2), § > 0 P-a.s. be an Fo-measurable divergence
free initial condition. Then there exist infinitely many probabilistically strong and analytically weak
solutions v to the equation (1.3) on [0,00).

Proof. If ug € C~'*% with § > 0, by the same argument as [DPDO02] there exists a stopping time
0 < t < Ty, and a local solution v to (1.3). Now v(t) € C'~* and we can start from v(t) and obtain
infinitely many global solutions by using Theorem 3.10. (]

Accordingly Theorem 1.2 is proved.

Proof of Corollary 1.4. Let L > 1 be such that P(4 < T) > 1/2. With the notation from the proof
of Theorem 3.9 and particularly in view of (3.17), we choose again K, K’ so that

VAK —¢> My, VAK —c— My > My, +\/2KM;"* +c.

The corresponding solutions then satisfy

1
P(VAK — ¢ — My, < |jvg + ”%“L?mmﬂ < My +\/2KM"? +¢) > 3
1

P(VAK" — ¢ = Mg < i +vicr ez, , 12 < My + V2K M2 1 o) > 5

Since the two intervals [vAK — c— My, Mp+1/2KM,"* + | and [VAK' — c— My, Mp+1/2K'M,}"* + ¢
are disjoint, the laws of vg and vk are different. This carries over to the solutions vk and vk as
well as to the final solutions obtained at the end of the proof of Theorem 3.10. O

4. ESTIMATE OF vql

In this section, we work under the assumptions of Proposition 3.6. The main aim is to prove the
bounds (3.18)-(3.20). Moreover, we recall that the equation for v, is linear. Hence, for a given v
we obtain the existence and uniqueness of solution v} to (3.6) by a fixed point argument together
with the uniform estimate derived in the sequel. Also, if v} is (F;)¢z0-adapted, so is v;. This in
particular gives the existence of v; 41 in Proposition 3.6, once the new velocity vg 1 was constructed
in Section 5.

In the following, similar to [HZZ23] we make use of the localizers As g present in the equation
for v; in (3.1). Namely, by an appropriate choice of R we can always apply (2.1) to get a small

constant in front of terms which contain ’U;. We are therefore able to absorb them into the left hand
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sides of the estimates without a Gronwall argument. In the following, all the estimates are pathwise
and valid before the stopping time T7,.

By Lemma C.3, Lemma 2.2, (2.1), (3.8) and interpolation we have for 1 < p < 2,0 < k < kg
193130 g vare S 103+ Nl s,
S Lilz% |l oc-n-ro + L||U; + vﬁ + 2", o | As Rzl 6y 0=r—ro
S LI#% | oyo-2e + [lvg + 02 + 27| o L3/ 4270
S L2 1 (o} lonze + I02llcyis + 127 o, ) L3/ 2708,

Then we choose R such that 270% = 4CL? with C being the implicit constant. Together with (3.9)
and (3.12) we obtain

lobllcs S Iebllg, prs—ro S L2+ L7342 ll0,zr + ol o)
S L2+ L7 0? + N) < My
where in the first inequality we used the embedding Lemma 2.1 to deduce B;;x’j*’m C L? with
1—kK— kKo > 2(% — %), ie. k< Kyp<1-— %. In the last inequality we used My > L* and chose L
large enough to absorb the universal constants. Then (3.19) follows. Moreover we have
1/2
< M2 (4.1)

HU;H %(1—%—»0) 1/2—kg/2 ~
Ct Bp,oo
Similarly we have

PRt T
S Llviy + vl — vy — vllle, e [ As 2l oy o-s—no
+ LHU; + U§||CtLP [(A<rg+1) — A<ria) AsRr2ll e, 0 —r0

< L5/42_HORH’U;+1 + vy —vp — Ville,Le + [lug + v§||ctLpL5/4)\;§'€°,

which by (3.12), (3.14) and (3.19) implies that
lvgs1 = vglle.zz < lvgyn — vgllg, prs—vo
< ||’u§_~_1 — 'Ug”ctLp + ||v; +v§||CtLpL5/4/\q_§no

< MPAE + ML R < My Pl

where we used the conditions on the parameters in Section 5.1 below to deduce o > 3, gro > (b

5/4) " "5 +b8 ;
and L°/*)\, < 1 by choosing a large enough. Then (3.18) follows.

Finally we estimate the following bound used below. These norms may priori blow up during the
iteration. By Lemma C.3, (3.8), (3.9), (3.12) and (3.19)

1 :2: 1 2 3
lodll_y . + Il op S LN looman + Lllok + 92 + 2" lle,c-2o A Asrl, 2-

[N

;” 1 1 2
CAL +C'2 P

2,l+ﬁ)

SL2 4 T ok 4 2oy

a2 1, .
S LAMYPAF TR < 22 e
where we used the embedding L? ¢ C~2/? by Lemma 2.1 in the second step and used % - % +ro <2
in the last step.
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5. THE MAIN ITERATION-PROOF OF PROPOSITION 3.6

The proof proceeds in several main steps which are the same in many convex integration schemes.
First of all, we start the construction by fixing the parameters in Section 5.1 and proceed with a
mollification step in Section 5.2. Section 5.3 introduces the new iteration vg 1. This is the main part
of the construction which used the accelerating jets introduced in Appendix B. Section 5.4 contains
the inductive estimates of vg 1, Whereas in Section 5.5 we show how the energy is controlled. Finally,

in Section 5.6, we define the new stress IquH and establish the inductive moment estimate on .éq+1
in Section 5.7.

5.1. Choice of parameters. In the sequel, additional parameters will be indispensable and their
value has to be carefully chosen in order to respect all the compatibility conditions appearing in

the estimates below. First we denote r1 := %2 A (3 — %2). For a sufficiently small a € (0,1) to be
_3a
chosen below, we define [ := A .3 A, % and have I7' < A%, and I\ < Ay+1 provided ab > 4.

In addition, we also introduce a small constant v € (0,1) such that v* := % € N and satisfies the
following bounds

<L AL sy <10
Y 567 \9 P Y Y-

In the sequel, we use the following bounds

1 4 16 16
< > _—fBb, a>—pb’, ab>—.
< qggt O g P e B abs g
In addition, we postulate
o 2 1 — 3k
Mp+ K +qA <17 g% 4 LT (M 4 A + K)F + My PA T <,

(5.1)

which can be satisfied by choosing a large enough.

The above can be obtained by choosing o = ﬁ, and choosing b € y*N large enough such that
4

b > 25 and finally choosing 8 small such that o > ﬁﬁb,a > %Bb? In the end we choose

3ri1a? 3K
a € 287157 Jarge enough such that (3.5) and (5.1) hold. The choice of a above ensures f(q) € N.
In the sequel, we increase a to absorb various implicit and universal constants. From here we could
choose the value of b and 8 depend only on p, and are independent of L, N, K and k.

5.2. Mollification. We intend to replace vg by a mollified velocity field v;, and we define

v = (V2 %0 @) 5o, R = (Ry 2 d1) %0 1,

where ¢; := #¢(;) is a family of standard mollifiers on R?, and ¢; := 7¢(;) is a family of standard
mollifiers with support on (0,1). Here the one side mollifier is used to preserve adaptedness. Then

since [ < 6;421 = tg41 — tq, by calculating and (3.7) we obtain on [tg41, 7]
(8 — A)vy + Vp; + divNeom = div(R; + Reom), (5.2)
divy; = 0.
where
Neom = (vg + 02 4+ 2™) @ Acrz + Acrz ® (vg + 02 4+ 2) + (vg +v2 4+ 2™) @ (v) + vz + 2'™)
+ (vg 05+ 2") ©As Rz + Asrz (v + 0] + 2™,
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and Rom is the trace-free part of Neom — Neom *z @1 %t @1,
1
b= (p?] *z ¢l) 2 §tr(Ncom — Neom *z @1 *¢ <Pl)~

5.3. Construction of vg 1+ Let us now proceed with the construction of the perturbation wg4
which then defines the next iteration by vg 1= v +wgy1. To this end, we employ the accelerating
jet flows introduced in [CL23, Section 3], which we recall in Appendix B. In particular, the building
blocks W(¢) for £ € A are defined in (B.4) and the set A is introduced in Lemma B.1. The necessary
estlmates are collected in (B.7). For the accelerating jet flows we choose the following parameters

2y _ 16y _ 18y _ _ 145y
O=A11s M= V=200 b= A1, =X 70"

It is required that b € y*N to ensure the above parameters are integers.

As the next step, we shall define certain amplitude functions used in the definition of the pertur-
bations wq41 similarly as [HZZ23b, Section 5.1.2],

pi=21/12 +|R|? + Yg+1,

it follows that p is (F:)i>o-adapted. Then by the estimate of p in Appendix A we have for N > 1

S PTTNSg i M+ Yga1,

(I A

lele .. S PN (M 4 gA) + g1 (5.3)
We define the amplitude functions
él (wa z, t)
a(E)(w,x,t) = pl/z(w,.’lf,t)"yg(ld— m), (54)
where ¢ is introduced in Lemma B.1. By |Id — £t —Id| < 3, it holds by Lemma B.1
pld — Ry = pré( Idf—§®§ Za 0E®E. (5.5)
EEA 13N

Then by the estimate of a(¢) in Appendix A we have for N > 0

—8—TN/s1/2 7 71/2 1/2
||a(£)‘|c(20 DATL Tyha Sl (O ML ™ +7540),
_s— 1/2
lae ey, S5 (ML + A +355). (5.6)

With these preparations in hand, similarly as [CL23, Section 3.4] we define the principal part
wlly =Y a9 W (5.7)
EeA
where W(¢), g(¢) are introduced in Appendix B. Then by (B.5), (B.6) and (5.5) we obtain

wfh @ wfh + R =3 atogly Wie @ Wie) = 3_afg§ @€ +pld

EEA e
- Za(s o Pro(Wie) © Wie)) + Za (95e) — DE @ E + pld, (5.8)
EEA I

where we recall the notation Po f := f — JCTQ fdz.
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We define the incompressibility corrector by

W © , 19l
Wot1 -—Z( w9 Wi to 'V a(s)ﬂ(&)‘l’@))’ (5.9)
EeN

where W((g and V(¢ are introduced in Appendix B. By (B.9) we have

wih +wihy =07y Viagee V), (5.10)
£eA
s oy (P) (e)
therefore div(w,/; +w, 1) = 0.
The temporal corrector w((z _21 is defined as

wil ) = wl? +wl), (5.11)

()

where w,/; is the temporal oscillation corrector

W =~ PuP L Y hgdiv(al € @), (5.12)
EeN

and wq +1 is the acceleration corrector

W' = 07 Py >k g Wie) %€ (5.13)

EeA
Here Py is the Helmholtz projection, and h(¢), g(¢) are given in Appendix B.
Since p and R; are (Ft)t>0-adapted, we know a¢) is (F3)s>0-adapted. Moreover, as Wi, W((gc)),
VU (¢), ge) are deterministic, wé’fl,wghwﬁl are also (Fi)t>o-adapted.
Let us introduce a smooth cut-off function

0, t § Og+1,
x(t) = ¢ €(0,1),t € (g441,204+1), (5.14)
]., t 2 20'q+1.

Note that [[x[|co < aq_il which has to be taken into account in the estimates of C{, and }D%qH

below.

We define the perturbations u?fli)l, 11)((121, 1?)[(121 as follows:

~ e t t
ah =ul o =l o = ullne,

Then wé’fgl,@gﬁl, 1?1((121 are (F;)i>o-adapted.
Finally, the total perturbation wqy; is defined by

t
Wyl = w((H_)l + wéjzl + w((H)_l,

which is (Fi)¢>0-adapted and divergence-free with mean zero.
The new velocity vg |1 is defined as
’U3+1 = U+ Wgt1-

which is (Fi)¢>0-adapted and divergence-free with mean zero.
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5.4. Verification of the inductive estimates for Ug+1' First we estimate L™-norm for m €
(1,00) and then verify the inductive estimates (3.14)-(3.16) and (3.10)-(3.12) at the level ¢ + 1.

We first consider bound w((fi)l in L?. We know that W, is (T/o)?-periodic, so by (5.4), (5.6),
(5.7), (B.7) and applying Theorem C.1 with p = 2 we obtain for ¢ € ((20,-1) AT1,TL]

15 ()]l 22 < > g ®lllae Ol 2 Wigllo 2 + o2l ()l [[Wiglle, 22)
EEA
30« 1/2 1/2 1/2
<N e 1l Ollze + X050 3 M2 +403)
EEA
1/2 1 2 1/2 1/2
<N g O1Up@) I + 6,3 M % + 403,
EEN

where we used the conditions on the parameters to deduce 30a —~ < 0. Then we obverse that g
is T/o-periodic. To again apply Lemma C.1, it is possible to find n1,ns € N satisfying 0 < "1771 <
(204-1) NTp < ™, 2221 < T < 22, and we define p(t) = p(Ty) for t € (Tg, 22]. Then by Lemma
C.1 we obtain

o NN 20, v, S W0y W, + OO,
Slooles,, . ,, I, + ||g<g>|\L2 oo, o
T gl oot \|p<>||”2 o o oz (T = Qo) ATt
Then by the definition of p, (3.13) and (A.2) we have
Iollgsy | STy + g4 +7000)' V%,
I, o S G Vg, a0+ 30} T - (204 1) ATy + )

‘o

1
S B ME 42 (T — (20, I)ATL+0)%

and

AN S eI 21002 S T2 [8p(0) 11,
which together with (5.3) imply that

Ol STV pll e

coL(E, 2D o7z,

ST M + gA + Yg41)-

26!

So together with (5.3), (B.1) and Remark B.2 we obtain

1
oo @112,
((204_1)ATL,TL]

1.1
S o7V (ML + g A+ 7)Y + A ML+ ) (T = (2041) AT + E)é

Nl

1
o7 ST (M + gA + g0 (T — (201) AT+ )

1
S MY + (T = 2oy) AT+ ),
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where we used the conditions on the parameters to deduce My +qgA+ K < 17! and 13a — v < —8.
With these bounds we can deduce by Remark B.2

) 12 1 ,1/2 | _1/2 2012
||wq+1||L?(2aq_1)ATL1TL]L2 S (040 My "+ 9550) (T = (204-1) AT + ;)

1 1/2 5 1/2 1/2 1/2
< 5 Mo o ()3 M P+ A5 (MY — 20, 1)V, (5.15)

Here M is a universal constant. Also we used
2
Ty — (200 1) AT+ = < M}? =20, 4. (5.16)
o

In fact for 20,1 > Ty, we have T, — (204-1) AT + % = % < Mi/Z — 204_1 by the choice of M,
and for 20,1 < T, we have T, — (204-1) A Tp, + % =T —204-1 + % < Mé/Q —204-1.

And similarly for ¢ € (0441 A 11, T1] we obtain
1/2 1/2
15 )z <3 e 1@ + (M + qA)Y? +4,13).
EEA

By the similar argument above, it is possible to find n3,ny € N satisfyin
”471 (204-1) AT, < %2, and define p(t) = p(T1) for t € (Tp, 2] if Ty, < 2aq_1. Then by Lemma
C.1, (5.3), (A.2), (B.1), Remark B.2 we obtain

< [0, 122 I

12 s

(0g4+1ATL (204 1)/\TL]

S (M + gAY+ 72 (204-1) AT — 0441 AT, +- 1/ + g llzep, 1]||P||L1

cen 711%41L1
1/2 2\ 2
# S olzsno™ [ s (oA Ti—opantis 2)
S <<ML + gAY 4y AT (M + gA +9g41))(204-1) 2
1
< G Mo(Mr +A)"? +7,15))(204-1)"2, (5.17)

where we used the conditions on the parameters to deduce My, + ¢A + K < 17! and 12a — v < 0.
Here Mj is a universal constant. Also we used

2
(20'q_1) NTy — Og+1 NTr + ; < 20'q_1. (518)

In fact by the choice of parameters we have v > 3 which yields that o441 > % Thus for T, > 0¢41
we have (204,_1) AT — 0g41 AT + % <2041 —0g41 + % < 204-1, and for Tj, < o441 we obtain
(20'q_1) N — Og+1 N\ T, + % = % < Og+1 < 2O'q_1.

Thus by (5.15) and (5.17) we obtain the following bound, which is used below,

I s 2 S (Mg +qA) /2 + 3/, (5.19)

(6q+1ATL,TL]

For general L™-norm with m € (1,00), by (5.6), (5.7) and (B.7), for t € ((204—1) A T7,T1] we
have

[ Oz £ D agey (D= lggey O Wiy () e
EEA
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1 2¢1 2 1/2 —1/m
S DM P5E + D g Ol 27,
£eEN

1/2:1/2 1/2 |\ 16a+(1/2—1/m)(2—8
S (M0, 47 ATV MET S g (1) (5.20)
£eEA
By (5.6), (5.9) and (B.7) we obtain

ol D llm S D oo O (lae ()l W Ol + 07 1V age) ()= ¥ ey ()1 )
£eEA

<SS 1o DI 2603 + 42 B (o () 2™ 4 o (o) VY™
EEA

1/2c1/2 1/2 30« 1/2—1 m 2 8v)—8&
S (My2003 + 4y 3 T AT MRS N g (1) (5.21)
EeEA

By (5.6), (5.12), (B.2) and (B.7) we obtain

gy (Ollm S 078 [l ()| o [|div(aty ()€ @ &) m

£EA
1/2¢1/2 1/2 o
N (ML/ 6(1—/}-1 +7q4/—1)2/\33-1 >, (5.22)

y (5.6), (5.13) and (B.7) we obtain

lwiy )l < 07> gy Olllag) (O3 [Wie (D32

EeEA
ML/2s1/2 1/2 —1/m
<SP0 A2 0 g () (vp) Y
EEA
1/21/2 1/2 32 1-1/m)(2—8vy)—3v—1
< (M}26005 + g 3) 2 A FAm Y mE=ED =L S g (). (5.23)

£eA

And for t € (0441 ATp,Tr] the estimates are similar with (Mémééﬁ + fy;fl) replaced by (M, +

qA)Y/? + fy;_/fl) More specifically for m € (1, 00)

1/2 16a+(1/2—1/m)(2—8
|l ()l m S (My, + A2 + 12N A/21/mE=89) § 0 o4y, (5.24)
LeEA
il (B)llom S (My + gAY 2 4+ 43N T2 mEE =5 87 g @), (5.25)
EeA
10l O S (M + gA)2 + Y2)2N80>7, (5.26)
a 1/2 32a+(1—1/m)(2—8y)—3vy—1
i ()l m S (M, + gA)2 4 12)2A320FA-1/mE=80 =311 §7 0 gy, (5.27)
e

Combining (5.21)-(5.23) and x(¢) < 1 we obtain for ¢ € ((204,—1) AT, TL]
N t 1/2¢1/2 1/2 o a=7 Ta—
1522 (0) + @ e < (M85 + 0 DOGET™ D Lo (01 + 23577 D oo (0] + 2157)
EEA EEA

1/2 1 2 1 2
£€A
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where we used the conditions on the parameters to deduce My + K < [~! and 47a < 2vy. Then
integrating in time by Remark B.2 and (5.16) we obtain

||wq+1 +wq+1||L

1
re < Mo(M 28,5 + 7,5 (M;* — 20, 1)12.

((204—1)ATL,TL]

Similarly by (5.18), (5.25)-(5.27) and Remark B.2 we obtain

1 1/2 1/2 1/2
||wq+1 +wq+1HL(U AT g ATy ZMO((ML +qA)Y +741)(204-1) 2.

Then by the above estimates and (5.15), (5.17) we obtain

3
re < 1M0(51/2 My 47,2 (M* —2040)'72,

[Jw q+1HL2 q+1 q+1

((2041)ATL,TL]

||wq+1||L? JUSNNCES *Mo((ML +qA)V? 4 71/2)(2(7(171)1/2, (5.28)
Tq+1 L:(¢0qg—1 L

With these bounds, we have all in hand to complete the estimate of vq 1 1. We split the details into
several subsections.

5.4.1. Proof of (3.16). (5.28) together with (3.11) yields

2
qu-l-l q||L((2U ATy, TL]L2

< vz — vl 2+ o — 02| 2 L2

((204_1)ATL,TL] ((20¢q—1)ATL,TL]

< ||wq+1||L((2<7 1)/\TL,TL]L2 + ZHUQHCtl,z (TL o (20’q_1) A TL)1/2

fMo<M£/26;ﬁ ) (M? = 20, )2 4 INM P (M 20,)1

< Mo(My?0)3 + 02 (My? — 204_1)V2,

where we used the conditions on the parameters to deduce —704 + < —f. And similarly we obtain

1/2 1/2 1/2
”,Uiﬁ’l - quL(o g+1ATL (204 parp L < MO((ML + qA) / +’Yq+1)(20'q,1) 2.

For t € [tq41,0441 ATL] we have x(t) = 0 which implies wq41 = 0. By (3.10) we obtain v3(t) = 0
and hence v;(t) = 0, which implies v2,  (t) = wq11(t) + vi(t) = 0. Hence (3.16) follows.

5.4.2. Proof of (3.10) on the level g+ 1. By (3.16) we have

071 = vallez, , re < Mo(Mp*8)3 + 1) (M/* = 2041)"2 + Mo(My +qA)? 4+ 7,/5) (204-1)"/
< MoM 513 + VMM, My 3 + Mo(My, + gA) 72204 1)/,

where we used v/a + vb < 1/2(a + b) for a,b > 0. Thus together with (3.4) we obtain

q+1 q+1 q
||”q+1HLOT L2 < Mo(Mz/‘l Z 51/2 + \fMl/4 Z 71/2 )+ \[Mo M;, + A) 1/2 Z 1/2
m=1 m=1 m=1

< MoM¥* 4 V2MoM* (K2 4 1) + 17Mo (M, + A)Y/?,

7n,

where we roughly bounded o, < 277 by (3.3) and thus >.? _, (moy,—1)Y2 < 320 _ m2-
And together with the last line in (3.16) we obtain (3.10) on the level ¢ + 1.

< 17.
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5.4.3. Proof of (3.14). By (5.24)-(5.27) we have for any m € (1, c0)

3da+(1/2—1 2—8v)+8
lwgrr = B llom, 1m S Noi T2 MIETIIEEY (5.29)

where we used the condition My, + gA + K <17!. Then by (3.11) we have

12,1 = ©2ller, o S lwgsr — B llon, Lo + 1804 e, o + o0 = 2llog, o

< )\34a+(1/271/p)(2787)+87 + Agf’ﬁ_% + l)\éMé/Q

1 2 1/2¢1/2
S ()‘q—i-l + )‘q-i-l) / < ML/ 6q-/-17 (5.30)

where we used the conditions on the parameters to deduce (1/2 —1/p)(2 — 8y) < —10v, 46a < 7y
and l)\g < A 1 in the last second step, and v > a > 8 in the last step. Then (3.14) holds and
(3.12) at the level g + 1 follows.

5.4.4. Proof of (3.11) at the level g+ 1. Next we estimate C} ,-norm, by (5.6), (5.10) and (B.1) and
(B.7) for t € [0,T7]

lw®y +wiillor, = 107> Vagae ellle;, S lagllez, Vo6 ¥ellle,
£eA EEA
S (Mg + gAY 4 7 D200 + opn™? + Oy (vp) /2 < AT,
(5.31)

where we used (B.7) and (B.11) to bound (. For the last inequality we used the condition
Mp+qgA+ K <171,
By (B.1) and (B.3) we have for ¢ € [0, 7]

lwilley, S o S 10l (ldiviates @ ©)llc,wrves + [div(afoé @ O)llcywe~ )
e

((ML+qA)1/2+’Yl/2) l731 5A2ioi+16’y, (532)

where we used the condition My +¢A + K < 17!
By (5.6), (B.1), (B.7) and (B.10) we have for ¢ € [0,T}]

lwgilles, S 0073 llgie lwree lagey lopee (I 1Wig) Pello,wisas + 10 Wie) *Ellciwas)
I3
((ML+qA)1/2+71/2) 1—24529-1 3/2(0Vu2+Vﬂ29771/2)(0#)a 5/\23_01+3+28’Y'
(5.33)

Here we used the condition My + ¢A + K < I7! and we have a extra « since PylPo is not a
bounded operator on C?. In particular, we see that the fact that the time derivative of x behaves
like o +1 < 17! does not pose any problems as the Cf -norms of wéﬁ_)l, ﬂ}éﬁl, 111((;_21 always contain

smaller powers of 1. So we obtain (3.11) at the level g+ 1 by (5.31)-(5.33): for ¢t € [0,Ty]

1/2 64a+3+28
Hviﬂnc,a <viller, + lwgrilley, < M5+ 25T
1 2 64a+3+28 1/2
/ )‘q+1 + )‘q-&-oi 7 < M / )‘q+1’

where we used the conditions o < ﬁ, v < 573
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5.4.5. Proof of (3.15). We conclude this part with further W™-norm for m € (1,00). By (5.6),
(5.10) and (B.7) we have for t € [0,T7)]

[ (1) + o Dllwrn 07 D1V a9 Yol ®)llwrn
£EA

oY IVEagller. 9 OV T gllo,wim
EeN

S (M + gAY + 7)) Pop) 2™ 3 g (1)
EeEA

45a+12 1/m)(2—87)+1+2
< )\ (1/2-1/ ) VZL(} 5) (5.34)
£eA

where we used the condition My, +¢A + K <17'. By (5.6) and (B.2) we have

1550, ) lwrm < 07> e o [div(ade € @ ©)llc,wrm
EEA

< (Mg, + qA) 2 +7)3)%0 7180 < A8, (5.35)
and

105 @ llwrm S 0070 g llalles llae llex, Wi lewron [Wie ll, Lo

EeA

S (M + qA) 2 + 4328 00 op(vp) =™ > g (8)
EEA
48a+(1—-1 2—8v)—
SASTITMETITY g (1), (5.36)
EEA
Moreover together with (B.1) we have

~ (o 48a+ 438 1413

lwgsr = B lon, wios S Mpa 75T S AR,

where we used the conditions to deduce 48a < %7.
By (5.29) we have

- 34a—2+32 2411
wg+1 — w§321||cTLL6/5 S TSN
where we used the conditions to deduce 34a < %7.
Then together the bounds above and (3.11), (5.26) and (5.35) we obtain by interpolation that

||U§+1 - UgHCTLW1/2=6/5

<o = v3llop, wirzers + lwgsr — w((;(jr)1HcTLw1/2»6/s + ch(lj-)lncTLWl/?«G/f’
<

1/2 ~ 1/2 ~
11/2”1} / s ||C/TLW1’6/5 + ||w((10+)1||CTLW1/2,6/5

dllet 5., llwgsr — s . poss || War1 — Woy

N

11/2)\4M1/2+)\ s+12y )\55a 2'y
q

1/24 — 1/2¢1/2
g+1 q+1 <My )\q+1 <SM;'70

q+1

which implies (3.15). Here we used the condition on the parameters to deduce 11/2)\3 < A
—t+12y<—a< B, 550 —2y < —a < —f.
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5.5. Proof of (3.17). For t € (2 ATy, Ty] we have x(t) = 1 by (5.14). Then we find

2 2 212
031112, v, oy 22 = 1WENEs, . e = 20 (T = 2ATL)]
@ .

2 2
< H|wq+1HL?2ATL,TL]L2 - 2'7q+1(TL -2 N TL)| + ||wq+1 + wQ+1||L(22ATL,TL]L2

t
+ 2flor(wlYy +wi )

(2/\TL,TL]L1 + 2”1)111)((1121”L1 Lt

(2ATy,,Ty,]

P A 2l (5.37)

(») (c) (t) 2
2wl @+ w4l

(AT, Tp] \T1]

We use (5.8) and the fact that R, is traceless to deduce
‘wéﬁr)ﬂ? = 29+1 =4/ P+ R 2 + Za%g)g?g)P¢0|W(g)|2 + Z atey(g(e) — 1),
geA £eA

hence

w12, 12— 29a11 (T — 2 A T1)| < AUTx + 4| Ryl 2 L

(2ATy,,Tr] (2ATy, ., Tp]

2 2 2
+ D llate gt ProlWio Plley, . ot + D

TL
| (gt~ Dlaco 3t
EEA 1IN

2ATT,

Now we estimate each term separately. Using (3.13) and supp ¢; C [0,{], (2 AT, Tr] C ((204-1) A
Ty, T1] we have

[P

(2ATy,, Ty ]

0t < Mpogta-
Moreover,
ATy, <N 3Ty < ééqHML,
which requires 25 < 370‘ and we choose a large enough to absorb the constant.
We obverse that We) is (T/o)?-periodic so
P2o(Wigy @ Wig)) =P>g (W) @ Wie)),

where P>, =1Id — P.,, and P., denotes the Fourier multiplier operator, which projects a function
onto its Fourier frequencies < r in absolute value. By [BDLPS15, Proposition C.1], (5.6) and (B.7)
we obtain for ¢ € (2 ATy, TL)

Z | /11‘2 a%&)P¢O|W(£)|2dx‘ = Z ‘ /JI‘2 a(25)]P)>%|W(§)‘2dCC‘ = Z | /TQ |V

Y ale) |V T Pog [Wie|2da|

e ceh gen
- 147" +32)a—2v7* +1—4
< a2y llov o™ Wi Plle S (Mp + KA 32724

(14v*+34)a—1—4y —4
5 >\q+1 5 )‘q+17

where we recall v* = % Here we used the conditions on the the parameters to deduce My +K < 17!
and (14v* + 34)a = My 454 Together with 2+ > £ we imply that

1457~
1
2 2 2
Z llate) 96 PolWie) | ||L}2ATL,TL]L1 < §5q+1ML,
geA

where we chose a large enough to absorb the universal constant.
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For the last term, to apply Theorem C.1 it is possible to find n1,n2 € Ng such that 2t <2ATL, <
mAl 2 Ty < "QT'H and define a(¢)(t) = a(e)(Ty) for t € (Ty, "2H]. Note that g(zf) —1is
mean-zero on [0, 1]. Together with (5.6), (B. 1) we apply Theorem C.1 and Remark B.2 to obtain

S - Vgt

geA To
<y ( [ 6y = Dllaeliadti+ | ™ (6l + Dllaelfadt+ [ (o + 1>|a<<>|izdt)
e ra L =
Ng — N
S T e+ g Moo iallons, .+l + Mosan gy maon oy,

o o

SO (My + gAY + 9030 4+ o (M + g A2 + 90

(0% a— 1
SABaTNL P  NTY < 0a+1 Mz,
where we used the conditions on the parameters to deduce My, + qA + K <171, 48a — 2y < —243.

Go back to (5.37), we control the remaining terms as follows. Using (5.21)-(5.23) and Remark
B.2 we obtain

2 31 8 48a—2 34a—Tv\2
||wq+1 + wq+1||L(2 r, 1L § ||g(5) + 1||L%2ATL‘T ()‘q-i-al 7+ /\q-ﬁ T+ /\q+a1 7)
EeA

o 1
<(Tp—2ATL+ )Agil < $Oar1Me,

where we used the conditions on the parameters to deduce My + K < 17!, and in the last inequality
we used Ty —2ATg + % < M£/27 48a — 2y < —f3, and chose a large enough to absorb the constant.
By (3.10), (5.15) and (5.25)-(5.27) we obtain

2lvy(wy +wi ) o+ 2wl (il +wi )l

< (loullz b L

< Mo/ + A2+ DR OET N T

(2ATy,, Ty, (2ATY,, TL]

L2+ [wl [ 2 ) |wly +w

(2ATy,,T1] q+1HL%2/\TL,TL]L2

< )\49a 27M1/2 < 45q+1ML

where we used ||Ul||L(2AT o)L ||Uq||Lt ) L2 by I < 2, and we used the conditions on the pa-

rameters to deduce My + A+ K < [~} and 49a — 2y < —2f3 and we increase a to absorb the
constant.

By (3.11), (5.20) and (B.1) we obtain

v S lluilleg

2”vlqurlHL [0, Ty, ]z” qulHL(%T Tk Lt

(2ATy,,T1]

§A3M£/2(M£/251/2 +K1/2)/\16a 1- 4’yM1/2 < 6q+1ML7

8

where we used the conditions on the parameters to deduce My + K < lil, )\3 < )‘?+1 and 18« —
1—4y < —28.
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For the last term, by (3.10) and (3.11)

2 2
WoliZs,,, oo =020 el <D=l o aeOledln, e+ 2, 22)
1/4 1 4 3 4 1/4
<Uleles, My N2, ne S DM Mo (0! +A1/2+M/K1/2>
<AC 1/2 1/2 < 1
Agr1MoM " (M, + A+ K) \86q+1ML.

where we used ||v;||z2 12 < |\U§HL[2 .- by I < 2, and used the conditions on the parameters
tq,TL

(2ATL,,Tr]
to deduce I\] <A and Mo(Mp + A+ K)Y? « /\2‘_:12/3 and then chose a large enough to absorb
the constant.

Combining the above estimate (3.17) follows.

5.6. Definition of the Reynolds stress. By combining (3.7) at the level ¢ + 1, (5.2) and the
definition of wq41 we get

divRy11 — Vp2y + Vi
= —Awg 1 + O (WF + ) + div((v +vg1) © warr +wepn @ (1 +vgyy))
(:= divRyin + Vpiin)
+ div((w ((121 + wf]tll) ® Wqt1 + U’¢(1+)1 ® (w ¢(;C+)1 + wﬁl)) (:= divRcor + VDeor)
+ 0], + div(@®), @ @) + Ri) (= divRose + Viose)
+ div((vg+1 — vg) ® Acrz + Acrz ® (Vg+1 — vg)
+ (Vg1 — vg) @AsrZ + Aspz Q(Vg41 — vg))(:= divReom1 + VDeom1)
+ div((v; + U;H) ® (v + U;H) — (v; + vg) ® (v; + vg))(:: divRcom2 + VPeom2)
+ div((vg41 — vg) ® 2" 42 @ (Vg+1 — vq)) (:= divReoms + VPeom3)
+ divReom,
where R.,,, is introduced in Section 5.2.
Applying the inverse divergence operator R, by (2.2) we could define
Rijn + = =Vwgsr = VVwgpn + RE@O(@E + 01)) + (00 + vgr) @wg i1 + w41 @ (v + v)41),
Reor = (0 + 0y ) @wq s + L@@ + i),
Reomz = = (v +vg41)®(v1 +vg41) = (vg +v)®(vg +v7),
Reoms 1 = (Vg1 — Uq)é)zm + Zmé’(vtﬁl — vg),
R.om1 is the trace-free part of the matrix
(Vg+1 = V) OALRZ + Acr2®(Vg41 — Vg) + (Vg1 — Vg) @ASRZ + AsrZ (Vg1 — vg).

In order to define the remaining oscillation error from the forth line, we apply (5.8), (5.11) and
direct calculation to obtain

atqurl + div(w ((;11)1 ® ~((;1jr)1 + Ri)
=3 0P o (V(ale B0 (Wie) & Wig)) ) +x2(1d = Bu) Y- P (afeyge div(Wiey © Wie)))
§EA I
(:: X2R0307I + XQVPOSC,.'L')
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+XP0wgy + X Py Pro (a?@g(?s)diV(W(s) ® W(s))) (:= X*Rosc.a + X*VPosc,a)
EeN

+ X28twf(ll-)21 + Z XQ(g(Qi) o 1)div(a(2§)§ ® E)(5: X2R0sc,t + X2Vposc,t)
EeA
2yr, (1) : U2\ T
+ (X)) wgp +div((1 = X7)Ri) + Vp.
Applying the inverse divergence operator B, we could define

Roscw i = Zg(Zg)B (Va(Qg)»P;éO(W(f) ® W(f))> )
£EA

Vposc’x L= (Id — PH) Z ]P);ﬁo (aé)gé)div(W@) (39 W(f))) .
EeA
For Rysc,q by (5.13), (B.10) we obtain
3tw((1i_)1 + Py Z P_o (a%g)g(Qg)diV(W(E) ® W(E))) = —9_1O‘PHP7§0 Z Oy (aé)g(g)”W(E) ‘25
EEA £eA
Thus we define

Rosc,a L= _9_1028 (at(a’%g)g(é))? |W(E)‘2§) )

e
VDosc.a : =07 o(Id = Pu)Pso Y delaleygie))|Wie)|*¢.
I
For Ryt by (5.12) and (B.3) we obtain
0w’y + 3 (g% — Ddiv(al € ©€)
EEA
=0 "PuPso > hiedivdi(afeé ® &) + (Id = Pu)Pxo > (gfe) — D)div(afeé ® ©),
EEA EeEA
then we define
Rosc,t L= —0'_1 Z R (h(g)leat(a%g)f & 5)) ;
EeA
VDoset =0 (Id = Pu)Pso Y heydivy(afey€ @ &) + (Id — Pa)Pro ¥ (g7e) — Ddiv(ae€ @ &).
EEA EeA

Together with the above we could define
Rosc = X2 (Rosc,w + Rosc,a + Rosc,t) + (Xz)/Rw((]:)-l + (1 - Xz)él'
Finally we define the Reynolds stress on the level ¢ + 1 by

Rq+1 = Rlin + Rcor + Rosc + Rcoml + RcomZ + RcomB + Rcom-
We observe that by construction, éq+1 is (F%)e>o0-adapted.
5.7. Verification of the inductive estimate for ]o%qH. To conclude the proof of Proposition 3.6

we shall verify (3.13) at the level ¢ + 1. To establish the iterative estimate, we will make separate
estimates on three time intervals in accordance with the definition of R,y in the following.
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5.7.1. The case t € (o4 ATy, Tr]. First we note that if Tr, < o, then there is nothing to estimate,
hence we assume that o, < T, and ¢ € (04,T7]. Using (3.3) and (3.3) we conclude that x(t) =1
on the interval (o4, 7). We will estimate each term present in the definition of R,y in Section 5.6
separately.

I. Estimate of the linear error Rj;,. We estimate each term separately. By (5.10) and (B.11)
we obtain

B(wl)y +w)) = 07" VO 9e) W o) + 070D Ve gk (€ V)T
£EA e

Now by the fact that RV+ is LP — LP bounded for any p > 1, together with (5.6), (B.7) and (B.8)
we obtain for € > 0 small enough

IR(8y(w ;£1+w§+l>>< Oz S IR@(wF) +wiD ) ()| 1+
S 10kae9ie) Uiy W)l e + 0720 llag gl (€ - VU g |+

£eEN 1IN
S llagelles., (flll‘l’(s)Hctwe( Brg(e) ()| + 9o (D)) + 020 (€ - V)‘I’(f)IICtu«gé)(ﬂ)
EeEA
3 _ i _3 €
S ((Mp+qA)7 + K55S (072 0= (|0kg(e) ()] + lgge) (D)) + 0 00 =% g% (1)) (vp)
EeEA
SN |09y (0] + gy () + AT gl ()
EEA EeEA
_1
S Ak Y (1Bgie) O]+ o) (D) + A D g% (1)
EEA e

where we chose 2¢ < « and used the conditions on the parameters to deduce 32a < %7, %’y <1,
Mp+qA+K <™
By (5.34)-(5.36) we obtain for € > 0 small enough

[Vwg1(t) + Viwgpa () S lwgrallowrise
48a+67+2 620—2 7
SO g ]+ 2557 S AT D lae (] + A7
EEA EeA
where we chose 2¢ < o and used the conditions on parameters to deduce 62a < 7.
By (3.11), (3.20) and (5.30) we obtain
[ (v 4+ vy 1) @War1 + wer1@ (v + vgy Dl S v+ vy lle, Lo llwgslle, e

N )‘q;/1M1/2()‘4 +L2A00) S >‘q+21ﬁyj\/jl/2

where we used the conditions on parameters to deduce L* < 17! and A7 < X%, and 6a < .
Together with all the estimates above we obtain

- -3 1/2
[Rin(®)l2 S At S 1806y O]+ NP2 S lace) (0] + A D0 6y (8) + A2 My (5.38)
geA EeA £eA
II. Estimate of the corrector error R.,.. Using (5.25)-(5.27) we obtain for ¢ € (o4, T1]

| Reor (8)]| 0 < [0l (8) + w0 22 (wger () 22 + 1w ()] 2)
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AT e @)+ D (lwgar (®)llze + 1wy (8)]22)
EEA
SO g @)+ D (lwgar (Bl e + 1wy ()]]22), (5.39)
EEA

where we used the conditions on the parameters to deduce My, + qA + K <171, 48a < 7.

III. Estimate of the oscillation error R,s.. By (5.14) we have x(¢) = 1 on the interval
(04,T1], which implies Rpsc = Rosc,s + Rosc,a + Rosc,t- In order to bound the first term, we note
that W) is (T/o)?-periodic. Then we apply (2.3), (2.4), (5.6) and (B.7) to obtain for all ¢ € [0, T%]

1 Roscx(D)llr S D IIVae e, IR(Wey @ Wie)lle, 1 936 (1)
EeA

S Y UM+ qA + 7)o [ Wig) © Wi llowni g (1)
gEA

62 2 2 - 2
SAE gl SA DYl
EeA e

where we used the conditions on parameters to deduce My + qA + K <171, 62a < v.
We apply (2.3) (2.4), (5.6) and (B.7) to obtain for all ¢t € [0, 7]

1Rosca(®)llzs S 07 0 Y 10i(aie el IR(IWie) € o, e
e

SO0 atellez, Y (9@ @) + 109 DIV IZ, 2
e

SO (ML + gA + vg41) Z(\g(é)(tﬂ +10:9¢6) (1))
geA

SATTD g O+ 106 ) S At > (g @) + 10y (1),
1SN £eA

where we used the conditions on parameters to deduce My + ¢A + K <1~ ! and 62« < 5.
By (5.6) and (B.2) we have for all ¢ € [0,77)]

| Rosen®llzr S0 S a2 lor Ihee) e S 012 (My, + qA +01) S My

EeA
where we used the conditions to deduce My, + gA + K < 17!,48a < . Therefore we obtain
1Rosc()llzr S A1 (D 9fe) () + 1) + Aty D (l9ie) (D] + 109(6) ()])- (5.40)

£EA 3N

IV. Estimate of commutator errors R .1, Rcom2, Recoms and Reom. For Reom1, by Lemma
2.2 with 1 — 2k — Ko > 0, (3.15), (3.18) and (3.21) we obtain for ¢ € [0, 7]

[Reom1 (t)l|z S (lvgin — vgllo,wrrzers + lvgin = vgllg, g-s-ro) (1A<rzlconoe + ll2llcio-+)
S LM (e + LY 5%0) S M2 + L4 57, (5.41)

where we used the condition on the parameters to deduce My, > L°.
For Reoma, by (3.11), (3.18) and (3.19) we obtain for ¢ € [0, T}]

1Reom2()llz S (g (@)llz2 + log (D2 + llvg (B)llzz + v ®)llz2) (lvgsr — vglle,ze + Ulvglley )
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S (M2 020 e+ ()] 22) My g2 + LA 27 1 1A%
S (M2 020 | 22+ ()] 22) My g + LA 27, (5.42)

where we used the conditions on the parameters to deduce l)\
For t € [0,T.], it holds that by Holder’s inequality

<A

1Reoms ()Lt S (lvgyr = vgllesze + llvgia — vglleze) =™ ()]

LpT
By [DV15, Lemma 9] and (3.9) we have
IO e S A7) uollze S (145N,
which together with (3.14), (3.18) imply
|Reoma(®llir S (g5 + LA ¥ M2 (1417 ). (5.43)

Finally let us now consider each term in R, separately, which is defined in Section 5.2. For
I = (vy+v2+2") @ Acrz+ Acrz @ (v + 02 + 2') and t € (0441, TL] we have

o .
I = Toxe G @) Ollr S T2 (lvgllgmgrz o + 12" omgr2 - p)llA<rzl pror2 o
Sl St '

o ,
+12 (loglle T ms + 112" le (71 m) || A<rz|c oo

]

< 12 2 ()\4 1/2 +M1/2Aa q_:l/lel,/2) % lTO(A4 _1_0_(1_’}1/17)1\4[/7
where we used (2.1) and (3.8) to deduce

[A<rzllc,cmo S 20T B2l 0, 0mn < 22| 2)l g, 0-n S LT,

~

9 9
HAgRZ”CfO/zLOO 5 ||A<RZ||C:0/ZCN0/8 5 2( KO+K)R||Z||C“0/ZC K—K(Q 5 2 8 KDR”Z”C:O/QC—K—KO 5 L27

and by [DV15, Lemma 9] and interpolation we have

Hzmnc[i%/il t]L2 + HzchUl 25=00) 11 jang /2 S 12" le (St At 1= H01/2+1 L
L (L (2%t 0

<o, hlluolle S oy My, (5.44)
(

Here we bounded v; using equation (3.20) and vg using equation (3.11). Additionally, we used
My, > L° in the last inequality.

For I = (vy +vZ +2™) @ (v +v2 + ) and t € (0441, L], by (3.11), (3.19), (3.20) and (5.44)
we have

(12 = Iz %z @1 *¢ 1) (t)]| 0

o . _
NEE (”Uq”C*‘vo/? 2t ||Zm\|c»m/2 e tllvglle oy s + 127" oy 1)
(9L (79FL (=54 =2l

X (Ivgll,zz + Ilvglley . + 112" lle, og1 4 2?)

K

SUF WM + MpPag + qj{PM1/2)(A4 MY 4o PM?) STR (O + 0, )2 My

For I3 = (vj + v} 4+ 2") @Asrz + Asrz (v) +v2 + 2) and t € (0411,TL], by (3.8), (3.11),
(3.19), (4.1) and (5.44) we obtain

(I3 — I3 %4 1 *¢ 1) (1) 11
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101 _9pk_ .
< pH-2e ﬁo>((||v;||CtBlfwo + vauc% o ||Zm||c[aq+1 t]HHfm)llzllctcw

+(||U || 1(1 2r— “0)31/2 w0 /2 +||’U ||C4(1 28=R0) 11 /21 /2 |‘Z”L”Cf(l 2r—r0) 1/2_,‘0/2)”2”6%07”
1Zatt q+1 ] [ q+1 t]

R e - ST T o VR S TP
g t

Q+1 ] C

SO OAML? 4 My o PP LY 1RO (Vo PV M.

Therefore, we have for ¢t € (0¢41,771]

[ Reom )l S U (N + 0 {P)2My + 13735 (A 4 6 M P) My < 190 M, (5.45)

where we recall k; = £2 /\( ) and in the first 1nequahty we used the conditions on the parameters
to deduce 1”1/2)\3 l'“/2 ;ipl by choosing ab > m and k1o > %ﬁ.

Summarizing (5.38)-(5.43) and (5.45) we obtain

IRl S 3 Oy logie (0] + N lgie) (0] + Ay 27 %) (8) + Ay 27 M)
£eA

+ 250 g O+ D (lwgr1 (Ol 22 + wF ()] 2),
£en

(M 4 02O 2 + o (@) ]|z + NEF ) MY 22 + L/ 5%°) 4 150y

Then we integrate over the interval (o4, 77] to obtain

. -1 Ty -3 Vg rl/2
||Rq+1||L%Uq1TL]L S Z;\(/\q+1\|8tg(§)||LgaqﬁTL +A +1H9(5)||L(a o T Agi1 ||9(5)Hi§aq)TL + /\q+21 M;*L)
e
-
+ ’\q+1(§€;\ loollzz,, ., + Dhwesllee, oo+l 0

+ M L+ g, ]L2+NL2*2/p>M;/2<A- LA I ML,

where we used HUZHL?U g T ”UZHL?U . ] < ||v§||L[thqTL]Lz by I < o4. Then we bound g by
(B.1), Remark B.2 and that 77, — 04 + £ < L + 2 < 2L. Together with (3.10), (5.19) and (5.28) we
obtain
. _ 1/2
WRosallzy, oo S OG0+ A ML + A0 (M + g 4) 2 + K202,

+(M3/4+A1/2+M11//4K1/2) 1/2()\(1-"(-)41+L5/4>\;%HO)+ZK1MLL

SN Mo+ (8 + IO EOM A 4 (gAY + K2 4 1M ML
< M£/2(M}4/2 - 03 2/p)6q+2 < Mpdgta.

2
where we used the conditions on the parameters to deduce 3y > o > max{%, g—ff} ()\qffrwb +

a 2
L340, 5PN (M + qA + K)V? 4 L)\qflma—kmb < 1, then we chose a large enough to absorb

the universal constant. Here the extra aq 2/p < 1 in the last second inequality is used to absorb
the bound appeared in the next section. Thus we obtained the first line of (3.13) at the level ¢ + 1.
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5.7.2. The case t € (0g41 N Tp,04 AN Tr]. If Tr, < 0441, there is nothing to estimate, hence we
may assume og41 < I7 and t € (0g41,04 A Tr]. In this case, Reor, Reom1, Reoms and Reom in the
definition of If?fqﬂ are similar to those in previous section, with the added factor of x(t) < 1, so we
can estimate them in the same way as before. For Reom2 we have vZ(t) = v(t) = 0 by (3.10) and
0g+1 <t < 04 ATp. Using a similar approach as (5.42), we obtain

HRcomQ(t)HLl < ML()\;J?I + L5/4)\q_§”0).

For Ry, there is an additional term x'(¢)(w t(zi)l( t)+ u/((]i)l(t)). For R,s., there are additional terms
(%) T\’,wéi)l and (1 — Xz)f%l by definition in Section 5.6. The rest parts can be estimated similarly.

Thus we only have to consider (1 — x2)R; and

Rew = X (1)(Rugh (1) + Rug 1 (1) + () (0 Rw (1)
As for Ry by (5.24)-(5.27) we have for € > 0 small enough

1Rewe(®)ll1 < X' (w8 +wi ) prve + 103) wl [l e
(p)

S ot (ol @)l pre + [wlQy @) llpree + lwiy ()] 1<)
1/2\2 y46a—2v+2
S 0q+1((ML +qA)'/? +7qJ/rl) A1 TS Agts
where we choose 2¢ < o and used the conditions on the parameters to deduce [|x(t)[|c: < 0;_&1 <Y

My +qA+ K <17! and 5la < v.
Therefore, using similar calculations as in Section 5.7.1 we obtain for o441 <t <og ATy <1

s M2
[Rg+1(t)llr S )\q+1 0eg(6) (1) + Al q+1 Z l9¢e) ()] + )\q-‘,-l Zg(g) / )
§EA IS IS
At g O+ Dlwgsa ()l + 0572 (1)1 22),
£eEA

T MLOGE + LA F) 1 My 4+ (1= )[R0 10

Here we used ¢t'=2/P > 1 since 1 — 2 /p < 0. Then by the similar calculation as before, together with
(5.14) we obtain

1 2 —
| Rgs1ll 2 SAEMY %, A0y 2 (lwallez, |

(0g+1:0¢ATL, ] L2 + ||wq+1||L )

1-Tr] (G+1T]

+ 0'272/1’ML()\7Q1 + L5/4)\q ) + ZHIMLUQ + HRZHLI

(0g+1- (2'7q+1)/\TL]

Aqf3M1/2 Aq+1 O'q((ML + gAY 4 KV M)t

a2 2P M (A 4+ LY T0) 4 1M Moy + || Rl

(eg+1» (2‘7q+1)ATL]

1/2 2 2/p
< Ogt2 + ||Rz||LgU PRy A

where we bound g¢) by (B.1), Remark B.2 and note that o4, AT, — 0441+ 2 < 0. In the last second
1nequahty we used (5.28) and the conditions on the parameters to deduce My +qA+K <171

)\qff’ < aq by v > 24/b, and in the last inequality we used 2a > v > 4pb, 0, < 2 2/p by

0<2-2/p<1, Ml/Q()\qffzﬁb LA/, B §ro+200" )+ M1/2)\q+fla+2ﬁb < 1, and chose a large

enough to absorb the universal constant.
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5.7.3. The caset € [tg41,04+1ATL]. In this case, we further divide the interval into two subintervals,
[0,04+1 ATr] and [tg41,0], then we establish the estimates separately.

For ¢ € [0,0441 ATL], by (3.10) we know v(t) = v2,,(t) = 0 and
REqul = R%l + Rcom + Rcoml + Rcom2 + Rcom3' (546)
By the estimates of Reom1, Reom2 and Reoms (5.41)-(5.43) we obtain for 0 <t < og41 AT <1

||Rcom1(t) + Rcom?(t)HLl S MLO‘;& + L5/4)‘Q_§KO> < MLa

—a — &g p=2 _2
1Reoma(®) o1 S M (Azfy + LA 2™ (1 + 177 ) < Mpt' s,

where we used the conditions on the parameters to deduce t'=2/? > 1 as 1 — 2/p < 0.

For R.om, the trace-free part of Neom — Neom *o @1 *¢ 1, we do not use the mollification estimate.
Instead, we bound N,,,, directly and have

1Rgs1 @)l < [Ru(B)l| 22+ 2MLt' ™% + [ Neom ()| 11 + [ Neom *¢ eu(t)l| 1.

For the last two terms, similar as (3.22) and (3.23), we obtain for 0 <t < og41 AT <1

[Neom Izt S (lvgllg, gros—ro + 127" B)llwerr-10) (1A<r2lco o + |2l cio-) + lvg (8) + 2 (DL
SLO+ L32M, + N2(14+¢177) < Mpt' 7,

and for —1<tq+1<t<Oand1—%<0

1 _2 _2
INeom @) lz2 S =" (1E)I72 S N2+ [t 77) < Meft]'~7,

which implies that for any 0 <t <t < og41 AT

p 2—
||N60m*t30l||L[1tlyt2]L1 < bzl[lol?l] ||NcomHL[1t1—b,t2—b]Ll < EML(t2 - tl) P,

Then by the choice of A we obtain

5 . 3p _
[ Rgtallzy, o < Rl L == Mp(ogp ATL) 7
7q L 7q p 1

+1NT, +1ATL]

> _2
< ||Rl||L[100 Lt +A(O'q+1 /\TL)2 P,
g

+1ATL]

Then together with the bound in Section 5.7.1-5.7.3 we obtain

o 2.2
rr < Mpdgio + || Rl 1+ Aoy

H}{q+1||L[10, [0,(20441)ATL]

L]
22 2

o 2 22
< Mpbgqo + , S[u}l)o] | Rgll 2 Gt Aoy { < Mpdgio+2(q+2)Ao,, 1,
€=t

[b,b+204 4

where in the last inequality we used the last line of (3.13) and (3.3) to deduce 20441 < 04. Thus we
proved the second line of (3.13) at the level ¢ + 1.

By the similar argument above we have for any 0 <a <a+h < og41 ATL

P 2
Lt + 7]\4Lh2 P+ ”Ncom”L[1 £t + [ Neom *¢ o1l 12 Lt
a,a+h] [a,

o < Rl P .

1Roillz .,

] a+h

hoy . b, s
<2q+ VARG + AR <200 +2AG5)° 7 (5.47)
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On the other hand, for ¢ € [ty41,0), we have R,y1 = z"©2". By the similar argument as in
(3.23) we obtain

1Rgs1 ()]l < Mt =27,
By the choice of A we have for ;11 <a—h<a<0

|Raralls  on < Allh—a)* 5 = (—a)#) < AP 75 (5.48)

la=h.a)
Thus we could obtain the third line of (3.13) at the level ¢+ 1. More specifically for any ¢,41 < a <
a+h < oq41 AT, the case a > 0 and the case a + h < 0 are directly from (5.47) and (5.48). For
a <0< a+ halso by (5.47) and (5.48) we obtain

v = Rawlley, oo + 1 Rsallcy, 00

||Rq+1 ||L[1a,a+h [0,a-+h]

]
h g2 2 2
<2+ VAT 4 A ((—a)F 4 (a7
hoo 2 h
<2(g+ 1)14(5)275 + 214(5
We finish the proof of Proposition 3.6.

LN

)7F =2(q+2)A(5)7 5.

6. PROOF OF THEOREM 1.5

This section is devoted to the proof of Theorem 1.5. In the following we consider the equation
on [0, 7] for simplicity.

Proof of Theorem 1.5. By Proposition 3.1 it follows z € CpC™" for any x > 0. Then for any given
¢ € (0,1) we could find k > 0 such that ¢ € (k,1 — 2k). We only need to prove uniqueness of
solutions to (1.3). We assume vy, vo € C([0,T]; L?) N L2([0, T]; H®) be two solutions to (1.3) with
the same initial data. Now we define w := v; — vy which satisfies

w(t) = — /Ot Pre®™92div((v + 2) @ w4 w @ (vy + 2))ds, w(0) = 0, (6.1)

where we recall Py is the Helmholtz projection.
As vy1,v9 € Op L2, for any € > 0 there exist v, v} € C7C?¢ such that the following holds

sup |lv1 —vi|lrz <€, sup |lva — 3|z <e€
te[0,7] te[0,7]

and

sup [[vfflczc Se sup lorllrz, sup [luzlloac Se sup vz e
te[0,7) t€[0,T] t€[0,T) t€[0,T)

We consider some 0 < T* < T to be determined later, using Lemma 2.3 we bound w in
12(0, T*]; HY)

lwllzz, .

t t
we S| / D (o) @ w)dsll s grers + | / =92 (1 @ vy)ds| 2 grer
0 [0,T*] 0 [0,T*]

t
I / w2+ z@w)ds| Ly | pen =L+ L+ s,
A ,

We bound each terms separately. For I; by Lemma C.2 and Lemma C.4 we obtain

T* t
. ( | (-9t ®w|H<ds>2dt>
’ 0 0

Nl=

L < (01 = o7) @ w2
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We bound the first term on the right hand side by Hélder’s inequality and the Sobolev embedding

[0,7*]

o
(o1 = o) @wllpz et Sl —o)) @wllzz | 1r S (/0 [ P PR R

S sup Jou(t) = o5 (0l zllwll e,
t€[0,T]

where we used the embeddings LP — H¢~! and H¢ — L?" with % — % = 1;2<, ; =3 + , and C4
is used to denote the universal implicit constants. For the second term on the rlght hand side we
apply Holder’s inequality and derive for some Cs > 0 depending on €

T* t
( / ( / (t—s>-2||vf|cz<||w||H<ds>2dt)
0 0
< sup [l (s)]lone / / (t—s)"*d / (t— 5) ¥ ]2 dsat
s€[0,T]

1
T* 2
l 1 1
S sup_for(s)s (/ | e 2dt||w||%,<ds> < T ooy llwlny, . e

s€[0,T]

ne < Crellwlizz | me,

2

2

which yields that

< (Cre+ CyT*? lorller2)llwliez . me-
Similarly we bound Iy by

< (Cre+ CoT" 7 vzl ey o)l 2 2 e H

For I3 we obtain by Lemma 2.2 with ( > x, Lemma C.2 and Hélder’s inequality

T* t
135</ (/(tfs) L w @ 2 4 2 @ wl| g-2eds) dt)
0 0
1
£ ¢ —2ntle 2
< / </<t—s> ol gl dls)?dt
ot _2n414¢ t _ 2r+14¢ 9
< ellopo—r / / (t— )~ =3y / (t— )5 w2 dsdt
0 0
1
T* 2
<||z||cTc~</ |-

< CT* =5

1

2

1
2

2mtCH1

)" dtw||H<d8>

Izllcro—xllwl Lz

OT*]H<

where we used 0 < 2k + ( < 1. Together with the above bounds we obtain

s, . me < (2C1e+ CoaT* =5 (Junllogrs + Ioallor 2 + lzllope—)) ol . e

- H
Then if we choose € = ﬁ and 7" < T small enough such that

1-2k—C 1

T* < )
20y ([l lleprz + llv2llorre +lzlloro—+«) +1
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we can deduce ||w||L[z0 o HE = 0. Additionally, since w € C([0,T7]; L?), the conclusion that w = 0

signifies that there is at most one possible solution to (1.3) on [0,7*]. By employing this method
iteratively, starting from 7™, we can arrive at the desired result within finite steps, independent of the
initial values. This implies that there is at most one possible solution in C([0,7]; L?)NL?([0,T]; H)
P-a.s. for any T > 0, which implies our final result. (|

Acknowledgement. We are very grateful to Martina Hofmanova for proposing this problem to us.

APPENDIX A. ESTIMATES OF p AND a)

For completeness, we include here the detailed proof of the estimates (5.3), (5.6) employed in
Section 5.3. We first recall the definition of p:

p =20/ + |Ri| + ygu1.

lollze < 20+ 2| Rillo + g1
Furthermore, by mollification estimates, the embedding W*! C L> (in fact the time-space dimen-
sion is three), | < o4—1 and (3.13) we obtain for N > 0

Bl SN Ryl b SN My

[(204_1)ATL,Tr )= 0q—1ATL,TL]

Then it follows that

Thus by | < dg+1 M1, we have

||P||Cf’ S+ li4||Rq||L% L+ Yg+1 S li45q+1ML + Yg+1-

(204_1)ATL,TL]® 0q—1ATL.TL]

Next we estimate the C’{Ym—norm for N € N. We apply the chain rule in [BDLPS15, Proposition C.1]
to f(2) = VI2+ 22,|D™f(2)| <17™"! to obtain
12+ | Rif? oy

[(204q—1)ATL,TL],

S e+ IRl +Dflleo [ Bullep,

[(204—1)ATL,TL].z 0q—1)ATL,TL]®

+IDflen- IR,
S l_N_46q+1ML + l_N+1Z_5N5é\{|-1M£V'

Then by My <1~ ! we deduce for N > 1

0q—1)ATL,TL],@

< 2 D |2
lolcy, onmre SIWVEHRPIGy, b
5 (l_N_4 + l—2N+21—5N)6q+1ML + Yg+1
5 l_7N+2(5q+1ML + Yg+1- (Al)

Likewise, using the inequalities [ < 6;4_21 < —t, and (3.13), we deduce

[Billey, < 1747N||RQ||L[1tq

[0,T1],2

L < 1747N(ML + qA)

T,
Then following the above calculation we obtain

lolles, . S 174 (My +g4) + 70, (A2)

0,77,z

and for N > 1
||PHC[N SU™R (M + qA) + Yot

0,Tp],x
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which implies (5.3).

Next we estimate a(¢) in C’t]}’x—norm. By Leibniz rule we get

I
1/2 _ U
la@lle,,. aeyr, <Z||p 16t ynry . 1761 >||C[z<v2amfwm

Apply [BDLPS15, Proposition C.1] to f(z) = 22, |D™f(2)| < |2|Y/?~™, for m = 1,...,N, and
using (A.1) we obtain for m > 1

2,
o™ g, _yary mpre
1/2 —1/2 1/2—m m
S T e L - S
SI6AM M Yod + U My ) + TS ME )
ST ORAM + i),

where we used My, + K < l’1
Next we estimate ¢ (Id — ) by [BDLPS15, Proposition C.1] we need to estimate

vt Ry
|| ||cNm ==, || o[y leliy

[(204_1)ATL,TL], (2o‘q AT Trl,@ [2 a—1ATL.TL], (20‘q AT TLl,@

We use p > [ to have

H vt le

” < Z7N+mlf5(N7m)5é\i—lmM11‘V—m /S 177(N7m)7

(20q VIATL, Tl

and in view of |%| <1

|2y < H <pNEm,

_ATL,TL] (20 _1ATL, T,

and by (A.1) and My + K <7t

<l 5(N— m)(sN mMN m N7m<l—6(N—m).
||,0|| (Zuq DATL L] q+1 +’Yq+1 ~
Moreover, we write
N—m
” ||012720m AT, T, kZ:O ||Rl||c(2a _ATL, T, ||;||Clzjzam k)/\TL Trl, 2’
using (A.1) and My + K <171
”7”07202” SN T
< _ " lf(me k)—1 N—m—k
” Hco(za 1)ATL,TL],z ”p”CTqu 1k)/\TL Tr]@ * ”pH [(2aq AT T,

Sl 2([1 7(N7m7k)+’yq+1)+l (N—m—k)— (l 5(N7mfk)MI]lV—m—k+,Yé\_f‘_lm k:)
< l—l—?(N—m—k).
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Thus we obtain

N—m—1
||*||CN < Z [75ky 1= T(N=m—k) | =5 (N=m)j—1 < =6=7(N-m)

(204—1)ATL, Tl ™

Finally the above bounds leads to

[|7e(Id — —)HCN < [6-T(N=m)

[(20‘ —1)ATL,T],x

Combining this with the bounds for pl/ 2 above yields for N € N

N-1
26— —Tm—6— —m — 1/2 1/2 1/2
Ve, ry gy S WSOV 4 DD TR OTTNE I TN SR M L gl
m=1
1/2 1/2 1/2
<l 5 7N(5q-/&-1M/ ’yq-/‘rl)’

where the final bound is also valid for N = 0. Similarly we obtain

lolley,  STST™(Mg +q4) +2)3),

[0, T ],z

which implies (5.6).
APPENDIX B. INTRODUCTION TO ACCELERATING JET FLOWS

In this part we recall the construction of accelerating jets from [CL23, Section 3.1-3.3]. We point
out that the construction is entirely deterministic, that is, none of the functions below depends on
w. Let us begin with the following geometric lemma. Recall that S?*2 is the set of symmetric 2 x 2
matrics.

Lemma B.1. ([CL23, Lemma 3.1]) Denote by By /2(Id) the closed ball of radius 1/2 around the
identity matriz Id, in the space of S2X2. There exists A € S' N Q? such that for each & € A there
exists a C*°-function y¢: By/p(1d) — R such that

R=> %(R)(E®E)
[N

for every symmetric matriz satisfying |R —1Id| < 1/2.
We choose a collection of distinct points p(¢) € T? for £ € A and a number j > 2 such that
UeenB2 (pe)) C [0, 1%,
and for £ £& € A

2
d(pe),pe) > —,
Ho

the points p(¢) will be the centers of W) and W((g))

For ¢ € A, let us introduce unit vectors £+ := (&, —&1), and their associated coordinates

Te =@ —pe) & wo=(@-pg) & for z€T
We first construct a family of stationary jets. To this end, we introduce the parameters: v,u € N

with o < v < . Now we choose compactly supported nontrivial ¢, € C2°((—-L, —)) and define

Mo’ Ho
non-periodic potentials \I/(g) € C=°(R?) and vector fields W(§)> (5) € C=(R?)

1/2

U ey (2) = ceyp () Po(vae) ) (uye)),
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5 1/2

Wiey(z) = —c(e) (vp) 2o (va ) ) (Lye) )€,

W (@) = e (v) 12 (vae)) ¥ (nye) )€

where c(¢) > 0 are normalizing constants such that
]{PVV(&) @ Wigdr =€

We periodize so that @(5), W(g) and W((g)) are viewed as periodic functions on T?. Finally note that
each V~V(§) has disjoint support

supp Wg) Nsupp Wigny =0 if £#¢,
and for any & € A, the following identities hold
div(Wie) ® Wie)) =& VIWe %,

e . s = < ()
VoW(g) = =0y V()€ + 0o V()6 = Wie) + Wiy

Next, we introduce a simple method to avoid the collision of the support sets of different V~V(§). Let

us first choose temporal functions g(¢) and h) to oscillate the building blocks W(g) intermittently
in time. Let G € C$°(0,1) be such that

1 1
2 _ _
/O G2(t)dt =1, /0 G(t)dt = 0.

For any n > 1, we define i) : T — R as the 1-periodic extension of n'/2G(n(t — t¢)), where t, are
chosen so that g¢¢) have disjoint supports for different §. In other words,

g () =D n"*Gn(n+1t —te)).
nez

We will also oscillate the velocity perturbation at a large frequency o € N. So we define

9(e)(t) = g(e)(at).

Then we have

lgee) lwno oy S (on)"nt/27 1P, (B.1)

For the corrector term we define h) : T — R by

o) = [ @ols) - s

In view of the zero-mean condition for 9(25)(15) — 1, these h(¢) are T/o-periodic and we have
7)o < 1. (B.2)
Moreover, we have the identity

(0 hie)) = %) (1) — 1. (B.3)
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Remark B.2. We emphasize that g(¢) is T/o-periodic and thus for any n,n; < ns € Ng, p € [1,00)
we have
ng — Ny p

pn 19 I n.op0,1)-
When dealing with arbitrary values of 0 < ag < by, it is possible to find ni,ny € Ny satisfying
= <a0<”17+1,% <b0<”27+1. Then we have

||g(§)||€V"rP[n1/mﬂ2/U] -

ng —ni +1

2
||g(£)||€vn,p[a0,bo] < H9(5)||§Vn,p[n71,n2a+1] = H9(£)||€Vn,p[o,1] < (bo —ao + E)HQ(E)H%/n,p[o’ly

Now we will let the stationary flows W(g) travel along T? in time, relating the velocity of the
moving support sets to the intermittent oscillator g(). More precisely, we define

Wigy(@,t) : = Wigy (o + ¢y (£)8),

W) (1) s = Wi (02 + o) (1)€), (B.4)

Viey(2,t) : = Uiy (0 + d(e) (1)€),
where ¢(¢)(t) is defined by
Pe) = 09() (1)
for some 6 € N. Hence we have

]{T,}’V(s) ®Wigdr =£®¢, (B.5)
and each g(¢)W(¢) has disjoint support
supp (g Wie)) Nsupp(genWien) =0 if £#¢. (B.6)
Then, we claim that for N > 0,p € [1, 0c] the following holds
IV¥Wigylewr + v il VYW e + mI VYR llorr S (o) () /217, (B.7)
1€ V) g)lle,rr S ™ tov(vu) /24P, (B.8)

where the implicit constants may depend on N, p, but are independent of v,0,0,n7 and . These
estimates can be easily deduced from the definitions.

Moreover we have

o7 V) = Wie + W), (B.9)
8t|W(§)|2§ = J_leg(f)diV(W(g) & W(g)), (B.10)
OV (e) = 01096 (& V) U(g). (B.11)

APPENDIX C. SOME TECHNICAL TOOLS

C.1. Improved Hélder’s inequality on T¢. This theorem allows us to quantify the decorrelation

in the usual Holder’s inequality when we increase the oscillation of one function. The proof follows
from similar argument as [MS18, Lemma 2.1].

Theorem C.1. Letp € [1,00],m < n € Ny and a € C1(R%R), f € LP(T%R). Then for any o € N,

oy, —m

llaf ()| oqz, 210y = lall oz, 210 | fllLo ] S o™ P(=—=)

oo

WPl all oz, 210l £l pocrey-
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Here C%1 is the Lipschitz norm. In particular, if d =1 and f is mean-zero we have

Proof. To begin, we partition the domain [

1

g e

,(n —m)?.

where in the second inequality we used the fact that for any x,y € Qy

Then using the fact that for A, B >0 |A — B|P

Zllallcor ez aplfllz.

\/ Flot)dt) <

m 214 into (n — m)? smaller cubes, denoted by Q;,i =

o)

Each of these cubes has an edge length of (1,

ot /Q k |a<y>|pdy) Fon)Pda

/[m ECICEIEE (nf)d/ ‘ (a(m)”—
v > o [ ey [ If(onlas

5 ~ /Q k (/Q (ol )P = Py ) o)l da

+ nf) [ty [ 1sepas

Thus we have
||‘af(a-)||ip([ﬂ Ha”Lp( m %]d)“prp(’I[‘d)l
(n—m)¢
<% aa ( / )P = a)P)ds ) (o)

(nm
> [ Sl g ool

n —
)d”fH;zp(Td)a

< = P
~ o ||a||CD,1([%7§]4)(

[m’n]d)Hchm ([z,2]4) < ”aHCO A ajay:

la(W)IPl < ~ ||a||
||A[P — | B|P| we obtain the first result.

lla(2)]” — |a

For the second result, we have the same decomposition as above
s)ds / flot)d

/1/0 (s)f atdsdt—i-z /

k=m-+1

=0 Z / /k ()] f(ot)dsdt

k=m+1
where we used the fact that f is mean-zero. The following estimate is same as above

/2 a(t)f(ot)dt = o Z

m
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C.2. Estimates for the heat operator. In this section we give the basic estimates for the heat

semigroup P, := e'®. Let T > 1.

Lemma C.2. ([ZZ722, Lemma 2.8]) For any 0 >0, a € R, p,q € [1,00] and all t € (0,T],
IPflgse S T2 flgy o [P loe S T2 f o

Let Zf = [, P, fds. Then we have
Lemma C.3. ([2ZZ22, Lemma 2.9]) Let « € (0,2),p € [1,00]. Then

IZSers + 1251 5, S Ty mge
Lemma C.4. ([SZZ22, Lemma A.5]) Let € R we have
IZflrz, e S Wf L2 o2

[0,T] [0,T]
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