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Abstract: This work is devoted to the study of conservative affine processes on the
canonical state space D = R!" x R", where m +n > 0. We show that each affine
process can be obtained as the pathwise unique strong solution to a stochastic equa-
tion driven by Brownian motions and Poisson random measures. Then we study the
long-time behavior of affine processes, i.e., we show that under first moment con-
dition on the state-dependent and log-moment conditions on the state-independent
jump measures, respectively, each subcritical affine process is exponentially ergodic
in a suitably chosen Wasserstein distance. Moments of affine processes are studied
as well.
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1 Introduction and statement of the result

1.1 General introduction

An affine process is a time-homogeneous Markov processes (X )¢>o whose characteristic function
satisfies

E, (¢/X0) = exp (6(t 1) + (2, (¢, iu).

where ¢ > 0 is the time and Xy = z the starting point of the process. The general theory of
affine processes, including a full characterization on the canonical state space D = R’ x R"
where m,n € Ny and m + n > 0, was discussed in [16]. In particular, it is shown that the
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functions ¢ and v should satisfy certain generalized Riccati equations. Common applications
of affine processes in mathematical finance are interest rate models (e.g., the Cox-Ingersoll-Ross
[13], Vasicek [56] or general affine term structure short rate models), option pricing (e.g., the
Heston model [29]) and credit risk models, see also [I] and the references therein. After [16],
the mathematical theory of affine processes was developed in various directions. Regularity of
affine processes was studied in [40] and [4I]. Based on a Hérmander-type condition, existence
and smoothness of transition densities were obtained in [20]. Exponential moments for affine
processes were studied in [3I] and [38]. The theory of affine diffusions, i.e., processes without
jumps, was developed in [19], while its application to large deviations for affine diffusions was
studied in [36]. The possibility to obtain affine processes as multi-parameter time changes of
Lévy processes was recently discussed in [I1]. It is worthwhile to mention that the above list
is, by far, not complete. For further references and additional details on the general theory of
affine processes we refer to the book [I].

Below we describe two important sub-classes of affine processes. Continuous-state branching
processes with immigration (shorted as CBI processes) are affine processes with state space
D = R?'. Such processes have been first introduced in 1958 by Jifina [35] and then studied
in [59, 37, 5], where it was also shown that these processes arise as scaling limits of Galton-
Watson processes. Various properties of one-dimensional CBI processes were studied in [27], 21,
10, 39, 22 17] and [12]. For results applicable in arbitrary dimension we refer to [5], [7] and
[25]. Let us mention that CBI processes are also measure-valued Markov processes as studied
in [46]. Another important class of affine processes corresponds to the state space D = R™ and
is consisted of processes of Ornstein-Uhlenbeck (OU) type. These processes include also Lévy
processes as a particular case.

1.2 Affine processes

Let us describe affine processes in more detail. For m,n € Ny let d = n 4+ m, and suppose that
d > 0. In this work we study affine processes on the canonical state space D = R’ x R". Let

I={1,....m}, J={m+1,...,d}.
If z € D, then let z; = (2;)icr and x5 = (2;);jes. Denote by R4 the space of d x d-matrices.

For A € R¥%4 we write
A ( Arr Arg >
Ajr Ay )’

where A7y = (aij)ijer, Arr = (aij)ier, jes, Asr = (aij)ics, jer, and Ay = (aij)ijes. Denote
by Sj the space of symmetric and positive semidefinite d x d-matrices. Finally, let dx;, k,1 €
{1,...,d}, stand for the Kronecker-Delta.

Definition 1.1. We call a tuple (a,a,b, B,v, 1) admissible parameters, if they satisfy the fol-
lowing conditions:

(i) aES:{ with a;r =0, ary =0 and aj; = 0.

(ii) o= (on, ..., o) with a; = (@i j)1<ki<a € Si and oy =0 if k € I\{i} orl € I\{i}.



(iii) b € D.
(v) B € R is such that Br; — [p &rpi(d€) > 0 for all i € I and k € I\{i}, and B1; = 0.

(v) v is a Borel measure on D such that v({0}) =0 and

/D <1 AEP+D (A gi)) v(d¢) < oo.

icl

(vi) = ({1,...,m) where p1,..., Wy are Borel measures on D such that

pn =0, [ [lengP+ Y & | mld) <o el
D kel\{i}

In contrast to [16], we do not consider killing for affine processes and, moreover, we suppose
that pi, ..., um integrate Ly¢~13[¢], ie., the first moment for big jumps is finite. It is well-
known that without killing and under first moment condition for the big jumps of w1, ..., tim, the
corresponding affine process (introduced below) is conservative (see [16, Lemma 9.2]). Moreover,
it was shown in [49] Example 3.6] that such a moment condition is sufficient but not necessary for
an affine process to be conservative. In this paper we work with Definition [I.I] and thus restrict
our study to conservative affine processes satisfying a mild moment condition on the measures
[y tm. In order to simplify the notation, we have also set v({0}) = 0 and w;({0}) = 0,
for ¢ € I. Hence all integrals with respect to the measures pu1, ..., tm,” can be taken over D
instead of D\{0}.

Denote by By(D) the Banach space of bounded measurable functions over D. This space is
equipped with the supremum norm || f||c = sup,cp |f(z)|. Similarly, let Co(D) be the Banach
space of continuous functions f : D — R vanishing at infinity. Define

U=CZ) xiR" = {u = (ur,us) € C" x C" | Re(us) <0, Re(us)=0}.

Note that D 3 z — e{*?) is bounded for any u € U. Here (-,-) denotes the Euclidean scalar

product on R%. By abuse of notation, we later also use (-, -) for the scalar product on R™ or R".
The following is due to [16].

Theorem 1.2. Let (a,,b, 3, v, 1) be admissible parameters. Then there exists a unique conser-
vative transition semigroup (P;)i>0 on By(D) which is Co(D)-Feller and its generator (L, D(L))
satisfies C2(D) C D(L) and, for f € C3(D) and x € D,

d m )
(LA)(x) = (b+ Bm.TF@) + Y <am ' %km) 0 1(2)

0x0x
k=1 ECEL

T / (F@+ &) — f(@) — (€1, V7 (@) Lgery) (de)
D

#2160 1)~ (€ VI m0)



where Vj = (a%j)jej. Moreover, C°(D) is a core for the generator. Let Py(x,dxz’) be the
transition probabilities. Then

/De<“’$/>Pt(x, dz') = exp (¢(t, u) + (x, P (t,u))), wel, (1.1)

where ¢ : Ry xU — C and ¥ : Ry x U — C? are uniquely determined by the generalized
Riccati differential equations: for u = (ur,uy) € CZy x iR™,

8t¢(t7u) = F(w(tvu))7 qb(ovu) = 07 (1‘2)
Bbr (t,u) = R(¥r(t,u),e®ruy), r(0,u) = uy,

by(tu) = ePiruy,

and F, R are of Lévy-Khintchine form

F(u) = (u,au) + (b, u) —l—/

<e<u’£> -1- 11{\5|g1}<€J,UJ>) v(d§),
D

d
Ri(u) = (u,05u) + > Briuy, + / (e<“vf> -1- <u,5>)m<d£>, i€l
k=1 D

Consequently, there exists a unique Feller process X with generator L. This process is called
affine process with admissible parameters (a, a, b, 8, v, ).

Remark 1.3. Let (a,a,b,3,v, 1) be admissible parameters. According to [16, Lemma 10.1
and Lemma 10.2], the martingale problem with generator L and domain CZ°(D) is well-posed
in the Skorokhod space over D equipped with the usual Skorokhod topology. Hence, we can
characterise an affine process with admissible parameters (a, o, b, B, v, 1) as the unique solution to
the martingale problem with generator L and domain C°(D). In any case, it can be constructed
as a Markov process on the Skorokhod space over D.

Affine processes are thus constructed on the canonical state space. In order to prove the
main result of this work, we provide in Section 4 a pathwise construction of affine processes.
The latter one extends previous cases from the literature such as [I5] [19, [48] and [5].

1.3 Ergodicity in Wasserstein distance for affine processes

Let P(D) be the space of all Borel probability measures over D. By abuse of notation, we extend
the transition semigroup (P;)¢>o (given by Theorem onto P(D) via

(Pp)(de) = [ Pi@.doypldd), t20. peP(D). (13)
D

Then P,p describes the distribution of the affine process at time ¢ > 0 such that it has at

initial time ¢ = 0 law p. Note that P,d, = Pi(x,-), and (P})t>0 is a semigroup on P(D) in

the sense that P,ysp = P.Psp, for any t,s > 0 and p € P(D). Such semigroup property is

simply a compact notation for the Chapman-Kolmogorov equations satisfied by P;(z,-). Since
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the martingale problem with generator L and domain C$°(D) is well-posed, and C¢°(D) C D(L)
is a core (see Theorem [1.2] and Remark [1.3), it follows from [I8, Proposition 9.2] that, for some
given 7 € P(D), the following properties are equivalent:

(i) Pom=m, for all t > 0.
(ii) [p(Lf)(x)m(dz) =0, for all f € CX(D).
(iii) [p(Pif)(x)m(dx) = [, f(z)n(dx), for all t > 0 and all f € B(D).

A distribution 7 € P(D) which satisfies one of these properties (i) — (iii) is called invariant
distribution for the semigroup (F;)¢>0. In this work we will prove that, under some appropriate
assumptions, (P;);>o has a unique invariant distribution 7, this distribution has some finite
log-moment and, moreover, P;(z,-) — 7 with exponential rate. For this purpose we use the
Wasserstein distance on P(D) introduced below. Given p,p € P(D), a coupling H of (p,p)
is a Borel probability measure on D x D which has marginals p and p, respectively, i.e., for
fyg € B(D) it holds that

/D (1) + 9(a) H(d,d5) = /D f(@)p(dz) + /D o(2)p(dz).

Denote by H(p, p) the collection of all such couplings. Let us now introduce two different metrics
on D as follows:

(a) Define, for k € (07 1]7 dn(l‘ﬁ) = (]l{n>0}|y_37|1/2+ ’:U_iDﬁv T = (yv Z)7 T = (:’Ajag) €
R x R", and let

PuD) =P (D)= {p e PD) | [ lalplas) < oo}

(b) Introduce diog(z,7) = log(1 + Ly,503|y "2+ |z -7,z = (y,2), T = (¥,2) € RT? xR,
and let

Plog<D>=7>dlog<D>={pev><D> '/ log<1+\x|>p<dx><oo}.

Let d € {diog, dx}. The Wasserstein distance on Py(D) is defined by

Walp, 5) = inf {/DXDd(x,E)H(d:c,d%) He H(p,,a)} . (1.4)

The appearance of the additional factor 1,0} ly — g7|1/ 2 is purely technical, it is a consequence

of the estimates proved in Section 6. By general theory of Wasserstein distances we see that
(Pa(D), Wy) is a complete seperable metric space, see, e.g., [57, Theorem 6.18]. A characteriza-
tion of convergence with respect to Wy, and Wy, is given in the following remark, see also lsyd!
Theorem 6.9).

Remark 1.4. Let d € {diog,dr}, (Pn)nen C Pa(D) and p € Py(D). The following are equivalent



(i) Wa(pn,p) — 0 as n — co.

(ii) For each continuous function f: D — R with |f(x)| < C¢(1 4 d(x,0)), it holds that
[ s@entdn) — [ p@ptd), 0 oc.
D D
(iii) pn — p weakly as n — oo, and
/ d(x,0)pp(dx) —>/ d(x,0)p(dz), n — 00.
D D
(iv) pn — p weakly as n — oo, and

lim limsup/ d(,0)1{4(z,0)>r}Pn(dz) = 0.
D

R—00 nooo

It is easy to see that Px(D) C Plog(D) and Wy, < CxWy,, for some constant Cy > 0, i.e.,
Wi, is stronger then Wy . The following is our main result.

Theorem 1.5. Let (a,a,b, 5,v, 1) be admissible parameters. Suppose that  has only eigenval-
ues with strictily negative real parts, and

/Ig  Joallev(ag) < oo (1.5)

Then (Py)i>0 has a unique invariant distribution m and the following assertions hold:
(a) ™ € Piog(D) and there exist constants K,6 > 0 such that, for all p € Piog(D),
Wdlog(Ptp, 7m) < K min {e_&, Wdlog(p, 7'(')} + Ke_‘;thlog(p,w), t>0. (1.6)
(b) If there exists k € (0,1] satisfying
[ lervia) < . @)
1€/>1
then ™ € Py(D) and there exists constants K',0' > 0 such that, for all p € Px(D),
Wy, (Pip, ) < K'Wy (p,m)e™ ¥, t>0. (1.8)
It is worthwhile to mention that to our knowledge a convergence rate solely under a log-
moment condition on the state-independent jump measure was not even obtained for one-
dimensional CBI processes. In order that Wy, (P:p,7) and Wy, (Pp,m) are well-defined, we
need to show that P;p belongs to Piog(D) or Pk(D), respectively. This will be shown in Sec-
tion 5, where general moment estimates for affine processes are studied. Using P,0, = Pi(z,-)

combined with Remark [I.4] we conclude the following.
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Remark 1.6. Under the conditions of Theorem [1.5, there exist constants 6, K > 0 such that
Wa(Pi(z,-), ) < Ke ™ (1 4+ Wy(8y, 7)), t>0, z€D, (1.9)

where d € {dn,dlog}. Let Wyn1 be the Wasserstein distance given by with d replaced by
d AN1. Then similarly to Remark convergence with respect to Wan1 s equivalent to weak
convergence of probability measures on P (D). Since Wyny < Wy, we conclude from that
Py(x,-) — m weakly as t — oo with exponential rate.

Let X = (X¢):>0 be an affine process. For the parameter estimation of affine models, see,
e.g., [3], [47] and [2], it is often necessary to prove a Birkhoff ergodic theorem, i.e.,

1/0 f(XS)ds—>/Df(af)7r(dx), t— o0 (1.10)

holds almost surely for sufficiently many test functions f. Using classical theory, see, e.g., [51]
Theorem 17.1.7] and [53], such convergence is implied by the ergodicity in the total variation
distance, i.e., by

lim ||Py(z,-) — «||rv =0, xz €D, (1.11)
t—00
where || - ||y denotes the total variation distance. Unfortunately, it is typically a very difficult

mathematical task to prove even for particular models. An extension of applicable
in the case where P;(x,-) — m holds in the Wasserstein distance generated by the metric
d(z,T) = 1 A |x — Z| was recently studied in [53]. Applying the main result of [53] to the case of
affine processes and using the fact that each affine process can be obtained as a pathwise unique
strong solution to some stochastic equation with jumps (see Section 4), yields the following
corollary.

Corollary 1.7. Let (a,a,b, 5,v, 1) be admissible parameters. Suppose that B has only eigenval-
ues with negative real parts, and is satisfied. Let (X;)i>0 be the corresponding affine process
constructed as the pathwise unique strong solution on a complete probability space (2, F,P) in
Section 4. Let f € LP(D, ) for some p € [1,00), then holds in LP(Q2,P).

Although we have formulated (1.10) in continuous-time, the discrete-time analog can be
obtained in the same manner.

1.4 Comparison with related works

Consider an Ornstein- Uhlenbeck process on R", i.e., an affine process on state space D = R™ with
admissible parameters (a,a = 0,b, 8, v, u = 0). If 8 has only eigenvalues with strictly negative
real parts and is satisfied, then [54] is applicable and hence the corresponding Ornstein-
Uhlenbeck process satisfies, for all x € R"™, Py(x,-) — m weakly as t — co. Under additional
technical conditions on the measure v, it follows that the corresponding process also satisfies
with exponential rate, see [58]. Since in view of Theorem the convergence (in the
Wasserstein distance) has already exponential rate, we conclude that the additional restriction



on v imposed in [58] is only used to guarantee that convergence takes place in the stronger total
variation distance, i.e., it is not necessary for the speed of convergence.

Consider a subcritical multi-type CBI process on R, i.e., an affine process on state space
D = R’ for which the parameter 3 has only eigenvalues with strictly negative real parts. In
dimension m = 1, Pinsky [52] announced (without proof) the existence of a limiting distribution
under condition . A proof of this fact was then given in [42] Theorem 3.16], while in
[46, Theorem 3.20 and Corollary 3.21] it was shown that P;(x,-) — 7 is equivalent to (L.5)).
Some properties of the invariant distribution 7 have been studied in [39]. In [47] exponential
ergodicity in total variation distance, see , was established for one-dimensional subcritical
CBI processes with v = 0, while some other related results for stochastic equations on Ry have
been recently considered in [24]. An extension of the techniques from [47] to arbitrary dimension
m > 2 is still an interesting open problem. Recently, in [50] another approach for the exponential
ergodicity in the total variation distance for affine processes on cones, which include multi-type
CBI processes as well as matrix-valued affine processes such as the important case of the Wishart
process, was provided. Their techniques were closely related to stochastic stability of Markov
processes in the sense of Meyn and Tweedie [51]], see also the references therein. More precisely,
it was shown that each subcritical affine process X on a proper closed convex cone which is
p-irreducible, aperiodic and has finite second moments, where p is a reference measure with
its support having non-empty interior, is exponentially ergodic in the total variation distance.
As such a result is formulated in a very general way, it becomes a delicate mathematical task
to show that such conditions are satisfied for affine processes with jumps of infinite activity or
with degenerate diffusion components. Moreover, assuming that X has at least finite second
moments rules out some natural examples as studied in [47] for m = 1 and in Section 2 of this
work. In contrast, our results can be applied in arbitrary dimension without the need to prove
irreducibility or aperiodicity, paying the price that we use the Wasserstein distance instead.
Let us mention that recently also asymptotic results for supercritical CBI processes have been
obtained in [45] 9] [§].

Consider now the general case of an affine process on the canonical state space D = R x R"™.
Based on the stability theory of Markov chains in the sense of Meyn and Tweedie the long-time
behavior of some particular two-dimensional models on state space D = Ry x R was studied
in [4, 34]. These results have been further developed in [60] for arbitrary dimensions, where also
functional limit theorems were obtained. In order to prove irreducibility and aperiodicity, the
authors supposed that the diffusion component is non-degenerate and that v and pq, ..., um
are probability measures, i.e., the corresponding affine process has only finitely many jumps of
bounded time intervalls [0, 7], T' > 0. Independently in [33] the following result was obtained.

Theorem 1.8. [35] Let (a,a,b,5,v,u) be admissible parameters. Suppose that [ has only
eigenvalues with negative real parts and (L.5|) is satisfied. Then there exists a unique invariant
distribution © for (P;)¢>0. Moreover, ™ has Laplace transform

/De<“’x>7r(da:) = exp </0°° F(¢(t,u))dt> . uwel, (1.12)

and one has, for all x € D, Py(z,-) — m weakly as t — 0.



The proof of Theorem is based on a fine stability analysis of the Riccati equations
. Comparing with our main result Theorem the authors have, in addition, established
a formula for the Laplace transform of m, but have not studied any convergence rate. We
emphasize that the main aim of our Theorem [1.5] is to establish the exponential convergence
speed and (1.8]) with respect to the corresponding Wasserstein metrics. However, in the
process of proving we also obtain the existence and uniqueness of an invariant distribution
as a natural by-product. Moreover, in Theorem and Theorem existence and uniqueness
of an invariant distribution is shown by essentially different techniques.

1.5 Main idea of proof and structure of the work

The proof of Theorem is divided in 4 steps as explained below.

Step 1. Provide a stochastic description of conservative affine processes. More precisely, in
Section 3 we recall a stochastic equation for multi-type CBI processes and a comparison principle
due to [5]. In Section 4 we prove that each affine process can be obtained as the pathwise unique
strong solution (X;(x))¢>0 to a certain stochastic equation, where = (y, z) € R" x R" denotes
the initial condition. The particular structure of this equation shows that the process takes the
form X;(z) = (Yi(y), Zi(x)), where (Yi(y))i>0 C R is a CBI process with initial condition y
and (Z;(x))>0 is an OU-type process with initial condition z whose coefficients depend on the
process (Y:(y))e>o0.

Step 2. Let (X¢):>0 be an affine process. Based on the stochastic equation from the first
step, we study in Section 5 finiteness of the moments E(]X¢|*) and E(log(1 + | X¢|)). Since the
proofs in this section are rather standard, we only outline the main steps, while technical details
are postponed to the appendix.

Step 3. Let (X¢(2)),>( and (X;(Z)),~ be the affine processes with initial states z, € R x
R”, respectively, obtained as the unique strong solutions to the stochastic equation discussed
in Section 4. Suppose that is satisfied for k = 1. The following key estimate is proved in
Section 6:

E(X() - X@)) < Ke™ (Lmyly — 712 + ]2 =7),  ¢20,  (113)

where K, 6 > 0 are some constants. Indeed, write X;(x) = (Yi(y), Z¢(x)) and X(7) = (Yi(y), Z¢(T)),
respectively. Using the comparison principle for the CBI component we prove that

E(Yi(z) - %(@)]) < dly — gle™", (1.14)

where ¢’ > 0 is some constant. From this and the particular structure of the stochastic equation
solved by (X;(z))i>0 and (Xi(Z))i>0 we then easily deduce (L.13)). In the literature the proof
of similar inequalities to (1.13) and (1.14]) is often based on the construction of a successfull
coupling being typically a difficult task. In the framework of affine processes a surprisingly
simple proof of such estimates is given in Section 6 by using monotone couplings as explained
above.

Step 4. The results obtained in Steps 1 — 3 provide us all necessary tools to give a full proof
of Theorem in Section 7. For the sake of simplicity, we explain below how (1.8]) is shown.



Estimate ([1.6)) can be obtained in the same way. Using classical arguments, we may deduce
assertion (|1.8)) from the contraction estimate

Wa (Pip, Pp) < Ke %'Wy (p,p), t>0. (1.15)

Next observe that, by the convexity of the Wasserstein distance (see Lemma|8.4)) combined with

(L.3), property (1.15)) is implied by

Wa, (Pids, Pidz) < Ke™ (Lyly — 7172 + |2 — 3

K
. t>0. (1.16)

Let (Pto)tzo be the transition semigroup for the affine process with admissible parameters (a =
0,a,b=0,8,m = 0,u). In view of one has P;(z,-) = P?(x,-) * P(0,-), where * denotes
the usual convolution of measures. A similar decomposition for affine processes was also used
n [33]. Applying now Lemma and the Jensen inequality gives

W, (Pidy, Pioz) < Wy, (PPS,, Pioz)
< (Way (P23, PR63))" < Ko™ (1ppgyly — 91/2 4 | - 31)

K
where the last inequality follows from Step 3 applied to (P?)i>o.

2 Examples

2.1 Anisotropic stable JCIR process
Let Z1, Z5 be independent one-dimensional Lévy processes with symbols

e dz .
‘I’j(ﬁ)z/o (e5—1+§z)ﬂ, £€>0,j=12,

where 1,72 € (1,2). Let S = (51, 52) be another 2-dimensional Lévy process with symbol

v - |

where v is a measure on R with v ({0}) =0 and

(e_<£’z> - 1) v(dz), £ €R2,

2
+

/ (LA z) v(dz) < oo.
R

2

+
Suppose that Z and S are independent. Applying the results of [5] to this particular case shows
that, for each = € Ri, there exists a pathwise unique strong solution to

{Xm (t) = (b1 + BuX1(t) + PraXa(t)) dt + Xy (t—)/1dZ (1) + dSi(t), (2.1)

dXo(t) = (by + B X1(t) + BoaXo(t)) dt + Xo(t—)12dZy(t) + dSs(1),
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This process is an affine process on D = Ri with admissible parameters

B - (b _ (Bu b2
a=0, ag=az=0, b_(b2>’ _<621 522)

and corresponding Lévy measures v,

d
p1(d§) = 51_% ® do(d€2), pa(ds) = do(dé1) @ f1%2'
1 2

Applying our main result to this particular case gives the following.

Corollary 2.1. If B has only eigenvalues with negative real parts and v satisfies

/ log([€])v(d€) < oo,
[g]>1

then the assertions of Theorem[1.5 are true.

Convergence in total variation distance for a similar one-dimensional model was studied in
[47]. Similar two-dimensional processes were also studied in [4] and [32]. In view of our main
result Theorem it is straightforward to extend this model to arbitrary dimension d > 2,
with possibly non-vanishing diffusion part and more general driving noise of Lévy type. It is
also worth mentioning that the analogue of the model for dimension d > 2 was recently
studied in [23], where the strong Feller property and, combined with the results of this work,
exponential erogdicity in total variation were shown.

2.2 Stochastic volatility model

Let D =R, xR, i.e., m =n = 1. Let (V,Y) be the unique strong solution to

dV (t) = (b1 + S11V (t))dt + /V (t)dBy(t) + dJ1 (1),

dY (t) = (by + BaaY (£))dt + \/V(t) (del(t) +/1- p2d32(t)) +dJs(t)
where by > 0, by € R, p11,822 € R, p € (—1,1) is the correlation coefficient, B = (Bj, B2)
is a two-dimensional Brownian motion, J; is a one-dimensional Lévy subordinator with Lévy
measure v1, and Jo a one-dimensional Lévy process with Lévy measure vo. Suppose that B, J;

and Jo are mutually independent. It is not difficult to see that (V,Y) is an affine process with
admissible parameters

_ _ (1 p (b (B O
om0 a=(5 1) o= () o= (% )

v(d€) = v1(d&1) ® do(déa) + 0o(dér) @ va(da), 1 = p2 = 0.

and measures

Then we obtain the following.
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Corollary 2.2. If 811,822 < 0 and

/ log (€)1 (dé1) + / log (|| )ra(dez) < oo,
(1,00)

[§2]>1

then the assertions of Theorem [1.5] are true.

It is straightforward to extend this model to higher dimensions and more general driving
noises.

3 Stochastic equation for multi-type CBI processes

In this section we recall some results for the particular case of multi-type CBI processes, i.e.
affine processes on state space D = R’ (that is, n = 0). For further references and additional
explanations we refer to [5] and [§]. Let (2, F,P) be a complete probability space rich enough
to support the following objects:

(B1) A m-dimensional Brownian motion (Wt)tZO = Wi, ..., Wem)e>o0-

(B2) A Poisson random measure Mj(ds,d§) on Ry x R with compensator ]\/ZI(ds,dg) =
dsvr(d§), where vy is a Borel measure supported on R’ satisfying

(D=0 [ (nlhuld) < .

(B3) Poisson random measures N{ (ds,d¢, dr), ..., NL (ds,d¢, dr) on Ry xRT xR, with compen-
sators N/ (ds,d¢, dr) = dspl(d€)dr, i € I, where pl, ..., ul are Borel measures supported
on R’ satisfying

aop=o. [ L+ Y g|uld) <o el
R je{l,..,mP\{i}

The objects W, MI,N{, e ,N# are supposed to be mutually independent. Let Mj(ds,d@ =
M;(ds, d{)—Z\/ZI(ds, d¢) and N{(ds, d¢,dr) = N/ (ds, d¢, dr)—]vi[(ds, d€, dr) be the corresponding
compensated Poisson random measures. Here and below we consider the natural augmented
filtration generated by W, My, N{,...  NL. Finally let

(a) beRT.
(b) b= (5@']')1',)'61 such that ,Bji - fRT §]M{(df) >0,foriel and j € I\{Z}

(¢) A matrix o(y) = diag(v/2c1y1, -+ s V2CmYm) € R™*™, where c1,...,cm > 0.

12



For y € R, consider the stochastic equation

t _ t t
Y=y +/ (b + BYS> ds + / o(Ys)dWs +/ EM(ds, dE) (3.1)
0 0 0 RT
m t _ m t
+ / / gy, N (ds,d€,dr) + / / ey, N (ds,d€, dr),
;0 lel<1 /Ry frstema] ;0 lE[>1 /R frstesad

where @-i = Bji — f‘ €1 &l (d€). Pathwise uniqueness for a slightly more complicated equation

was recently obtained in [5], while (3.1)) in this form appeared first in [8]. The following is
essentially due to [5].

Proposition 3.1. Let (b, 3,0) be as in (a) — (c), and consider objects W, My, N{, ... NL that
are given in (B1) — (B3). Then the following assertions hold:

(a) For each y € R}, there exists a pathwise unique strong solution Y = (Y;)i>0 to (3.1).

(b) LetY be any solution to (3.1). Then Y is a multi-type CBI process starting from y, and
the generator Ly of Y 1is, for f € CCZ(RT), of the following form

2
aJ;gy) + /Rm (fly+&) — fy)) vi(de)

+

(Ly N(y) = (b+ By, V() + Y civi
=1
Fu [ P+ - )~ € VW) wlde),
i=1 RY

Conversely, given any multi-type CBI process Y with generator Ly and starting point y,
we can find a solution Y to (3.1) such thatY and Y have the same law.

The proof of the pathwise uniqueness is based on a comparison principle for multi-type CBI
processes, see [5, Lemma 4.2]. This comparison principle is stated below.

Lemma 3.2. [5, Lemma 4.2] Let (Y3)¢>0 be a weak solution to with parameters (b, B, 0), let
(Y/)i>0 be another weak solution to with parameters (b, B, 0), where (b, 3,0) and (b, 3, 0)
satisfy (a) — (c). Both solutions are supposed to be defined on the same probability space and
with respect to the same noises W, My, N{,... NI that satisfy (B1) — (B3). Suppose that, for
allj €{1,...,m}, y; <y; and b; <. Then

P(Yj: <Y

T Vie{l,...,m}, Vt>0)=1.

4 Stochastic equation for affine processes

Below we show that any affine process can also be obtained as the pathwise unique strong
solution to a certain stochastic equation. In the two-dimensinoal case D = R x R such a result
was first obtained in [I5]. Indepedently, the case of affine diffusions on the canoncical state
space D = R" x R" (i.e., processes without jumps) was studied in [I9]. The main obstacle
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there is related with the diffusion component which is degenerate at the boundary but also has
a nontrival structure in higher dimensions. In order to take this into account we use, compared
to [19], another representation of the diffusion matrix (see (A0) and (Al) below). Such a
representation is used to decompose the corresponding affine process into a CBI and an OU
component which are then treated separately. Consequently, based on the available results for
CBI processes, the proofs in this section become relatively simple.

Let (a,a, b, B,v, u) be admissible parameters. For the parameters a and a = (aq,...,qmn)
consider the following objects:

(A0) An n x n-matrix o, such that .0, = ay;.

(A1) Matrices o1,...,0m, € R¥*d such that, for all j € I, aja]—.r = a; and
_ (o 0 , s 1)2
T (Uj,JI aj,JJ> ’ (.10) k1 = OOt ;- (4.1)

The first condition is simple to check. Indeed, by definition, one has a = (8 aO > € ST, thus
JJ

ayj is symmetric and positive semidefinite. Hence o, denotes the non-negative square root of
ajj. Concerning the second condition we use the following Lemma.

Lemma 4.1. Let oq,...,0u, € S;lr be such that (aj)p = o j;0ki6y; for 1 < k1 < m. Then
there exist matrices oy, ...,0m € R such that condition (A1) is satisfied.

1 Qg
QGJ1 Q5JJ
tion of positive semi-definite block matrices (see [26, Theorem 16.1]) yields

Proof. Fix j € I. Since a; € S;[ has the block structure o; = ( )./ the characteriza-

. + . . -1 + o — -1
1 € Sy QGgg — QG IIOG G LT € Sy 0L = QG IO G TT (4.2)

where ozj__}l denotes the pseudo-inverse of «; ;7. Using the diagonal structure of a;;; we find
that ’

ajj5 >0, kel

a.i:.l.
(Oz»fll])kl = 0p,i07; 3237
Js 770 _
0, @ jj = 0,
If o 5 = 0, then o1 = a;}] = 0 and hence, by {.2), o7 = 0 and «; ;7 = 0. Letting

Ol 0 . .
_ [ 93 _ T _ . o R
oj = (07 oo JJ) be given such that 03,705 17 = Qj.JJs 0411 = 0 and o; ;1 = 0, we find that

JjajT = o has the desired form (4.1)).
Suppose now that «; ;; > 0. Using the last equality in (4.2]) we find that

(1)K =0 = (ajs1)i; ke I\{j}, leJ (4.3)

1/2 ~1/2 .
Put (oj,11)k; = ajgjdkjélj, 017 =0, (05 71)k1 = akjamj/ dji, k€ J, 1 €I and let 0; 57 be given
such that
T —1
04,094, 0) = Q4,JJ = QI 1717
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Note that the existence of such o; j; follows from (4.2]). By direct computation one finds that
T T —1 _ T , :

j1J = 05110 515 OGJ1 = 05 J10; I and O JI0G 0G0 = 05,710 11, from which we deduce
_ T T e ‘ T _ T

®j.gJ = 05J10; ;1 + 05,570, 15 This shows that 0jo; = and, moreover, it is clear that o;

has the desired form (4.1]). Since j € I was arbitrary, the assertion is proved. O

Note that is already assumed in the definition of admissible parameters. The proof
shows that it is a simple consequence of the particular structure of «; ;7 and .

Below we describe the noises appearing in the stochastic equation for affine processes. Let
(Q, F,P) be a complete probability space rich enough to support the following objects:

(A2) A n-dimensional Brownian motion B = (Bi)¢>o.

(A3) For each i € I, a d-dimensional Brownian motion W% = (W});>.

(A4) A Poisson random measure M (ds, d§) with compensator M (ds,d§) = dsv(d€) on Ry x D.
)

(A5) For each i € I, a Poisson random measure N;(ds, d§, dr) with compensator ]Vi(ds, d¢,dr) =
dspi(d€)dr on Ry x D x Ry.

We suppose that all objects B, W, ...,W™ M,Ny,...,N,, are mutually independent. Denote
by M (ds,d€) = M(ds,d¢) — M(ds, df) and Nj(ds, d€, dr) = N;(ds, d¢, dr) — Ny(ds,d¢, dr), i € I,
the corresponding compensated Poisson random measures. Here and below we consider the
natural augmented filtration generated by these noise terms. For x € D, consider the stochastic
equation

Xt_x+/t(3+ﬁx>ds+\f< >+Z/ V22X i0:dWi (4.4)

o[ oo S [ catasas

S / / Elex o Vilds,d dn) + 3 / / Elpx, o Nilds e d),
el<1

el el l§1>1

where b and 8 = (gki)k,ie{l,...,d} are, for i,k € {1,...,d}, given by

b= b+ 11(3) /l£ 6, B = B 1) / Eoni(de). (4.5)

lg1>1

Note that we have changed the drift coefficients to band B in order to change the compensators in
the stochastic integrals. Such change is, under the given moment conditions on p = (u1, . .., fm ),
always possible and does not affect our results. Concerning existence and uniqueness for ,
we obtain the following.

Theorem 4.2. Let (a,a,b, 5,v, 1) be admissible parameters. Then, for each x € D, there exists
a pathwise unique D-valued strong solution X = (Xi)i>0 to (4.4)).

This result will be proved later in this Section. Let us first relate (4.4]) to affine processes.
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Proposition 4.3. Let (a,,b,3,v, 1) be admissible parameters. Then each solution X to (4.4)
is an affine process with admissible parameters (a, o, b, 5,v, 1) and starting point x.

Proof. Let X be a solution to ([4.4) and f € C?(D). Applying the It formula shows that

My(0) = (X0 = @) = [ (LN )ds, ¢>0

is a local martingale. Note that Lf is bounded. Hence

t
E < sup !Mf(t)|> < 2[[fllo +/O E(ILf(Xs)))ds < 2[[flloo + t|Lflloo <00, £ =0,
s€|0,t

and we conclude that (My(t));>0 is a true martingale. It follows from Remark [1.3|that X is an
affine process with admissible parameters (a, o, b, 8, v, p). O

The rest of this section is devoted to the proof of Theorem [£.2] As often in the theory of
stochastic equations, existence of weak solutions is the easy part.

Lemma 4.4. Let (a,a,b, 3,v, 1) be admissible parameters. Then, for each x € D, there exists
a weak solution X to (4.4).

Proof. Since existence of a solution to the martingale problem with sample paths in the Sko-
rokhod space over D is known, the assertion is a consequence of [44], namely, the equivalence
between weak solutions to stochastic equations and martingale problems. Alternatively, fol-
lowing [16, p.993] we can show that each solution to the martingale problem with generator L
and domain C?(D) is a semimartingale and compute its semimartingale characteristics (see [16),
Theorem 2.12]). The assertion is then a consequence of the equivalence between weak solutions
to stochastic equations and semimartingales (see [30, Chapter III, Theorem 2.26]). O

In view of the Yamada-Watanabe Theorem (see [6] or 3] for a more general account on
this topic)), Theorem is proved, provided we can show pathwise uniqueness for . For
this purpose we rewrite into its components X = (Y, Z), where Y € R* and Z € R".
Introduce the notation £ = (£,&y) € D, where & = (&)ier and &5 = (§;)jes. Moreover, let
Wi = (W;I,W;,J) and write for the initial condition = (y,z) € D. Finally, let ej,...,eq
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denote the canonical basis vectors in R%. Then (#.4]) is equivalent to the system of equations

t ~ t ' t
Y, =y + / (b; +BHYS> ds+3 e / V200V d Wi+ / / 1M (ds, d€) (4.6)
0 =1 Jo 0 Jp

t _ t
+ / / &rlg<y, A Ni(ds,d€,dr) + / / &rlg<y, aNi(ds,dg, dr),
Z 0 Jjg|<t JRry e il ) ; 0 Jig>1 /Ry = Nl )

i€l
t " . t ) )
Zi=z+ / (bJ + By1Ys + 5“25) ds +V20,B; + Z/ V2Y5i (03,01dWE  + 04,75dW )
0 0

el
(4.7)

+/0t /§|§1§JJ\7(ds,d§)+/Ot/|£>lfJM(d5ad£)

t _ t
+Z/ / §Jﬂ{r<1@i}Ni(dS7d§,dT)+Z/ / Eil <y, 3 Ni(ds, d, dr).
0 JIg<1 /Ry ' ic1 70 JIE>1 /Ry ’

el

Observe that the first equation for Y does not involve Z. We will show that is precisely
(3.1), i.e., Y is a multi-type CBI process and pathwise uniqueness holds for Y. The second
equation for Z describes an OU-type process with random coefficients depending on Y. If we
regard Y as conditionally fixed, then pathwise uniqueness for is obvious. These ideas are
summarized in the next lemma.

Lemma 4.5. Let (a,,b, 5,v, 1) be admissible parameters. Then pathwise uniqueness holds for

(4.6) and (4.7), and hence for (4.4)).

Proof. Let X = (Y, Z) and X’ = (Y', Z’) be two solutions to (4.4]) with the same initial condition
x = (y,2) € D both defined on the same probability space. Then Y and Y’ both satisfy (4.6).
Let us show that (4.6]) is precisely (3.1)). Set pr; : D — R, pr;(x) = (x)icr, and define

e A m-dimensional Brownian motion W; := (Wt%l, ce WL,
e A Poisson random measure Mj(ds,d§) on Ry x R by
M;([s,1] x A) = M([s, 1] x pry ' (A4)),
where 0 < s <t and A C R is a Borel set.
e Poisson random measures N{, ..., NL on R x R x Ry by
N ([s,t] x A x [e,d]) = Ni([s, ] x pr; (A) x [¢,d]), iel,
where 0 <5 <t,0<c<dand ACRT is a Borel set.

Note that the random objects W, My, N ... NI are mutually independent. Moreover, it is not
difficult to see that M; and le yen ,N# have compensators

My(ds,d¢) = dsvy(d€), Nl(ds,d¢,dr) = dspl(d)dr, i€,
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where vy =vo plrI_1 and /%l = [4; © prl_l. Finally let ¢; = o 5, j € {1,...,m}, and

o(y) = diag(v/2c1y1, -, v/2¢mym) € R™ ™.

Then (4.6) is precisely (3.1)), and it follows from Proposition 3.1} (a) that P(Y; = Y/, ¢t >0) = 1.
It remains to prove pathwise uniqueness for (4.7)). Define, for [ > 1, a stopping time inf{t >
0 | max{|Z:|,|Z;|} > 1}. Since Z and Z’ both satisfy (4.7)) for the same Y, we obtain

tAT]

Zin — Zzg/\—r, = B11(Zs — Z,)ds
0
and hence, for some constant C > 0,

t
E(|Zunn, — Zipo,]) < C / E(|Zopn, — Zopr,|)ds.
0

The Grownwall lemma gives P(Zjrr, = Zj5,,) = 1, for all £ > 0 and I > 1. Note that Z and 2’
have no explosion. Taking | — oo proves the assertion. ]
5 Moments for affine processes

The stochastic equation introduced in Section 4 can be used to provide a simple proof for the
finiteness of moments for affine processes. The following is our main result for this section.

Proposition 5.1. Let (a,a, b, B,v, p) be admissible parameters. For x € D, let X be the unique

solution to (4.4)).

(a) Suppose that there exists k > 0 such that

/ !f\“ui(d£)+/ €]"v(dE) < oo, icl.
l|>1

l€1>1

Then there exists a constant C\, > 0 (independent of x and X ) such that

E(XJ%) < (1+ 2, ¢>0.
(b) Suppose that (1.5)) is satisfied. Then there exists a constant C' > 0 (independent of x and
X ) such that
E(log(1 + |X])) < (1 +log(1 + |z]))e, t>0.

Proof. Define Vi (h) = (14 |h|?)*/? and Va(h) = log(1 + |h|?), where h € D. Applying the It6
formula for Vj, j € {1,2}, gives

VX0 = Vi) + [ ACCds + M0, (51)
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where (M;(t))e>0 and A;j(-) are given by

~ V:(h
‘A](h) = <b+ ﬁh, VV + Z (akl + Zaz kll'z) 8h;€8(hl)

k=1

+ [ (i +€) = Vi) — (6 V)L ey v(d)
D

+Zh/ (€)= V() — (€ TV () ).
=2 / (VsVj(X5), 0adBs, ) +Z / V2X,i (VVi(X,), 0:d W)

/ / H(Xo +6) — Vi(X,)) M(ds, d¢)

+ ;/0 /D /R+ (Vj(Xs, + &<y, ) — V}(Xsf)) Ni(ds, d¢, dr),

where b was defined in ([L.5). Define, for [ > 1, a stopping time 7, = inf{¢t > 0 | |X;| > [}. Then
it is not difficult to see that (M;(t A 7;))i>0 is a martingale, for any [ > 1. Moreover, we will
prove in the appendix that there exists a constant C' > 0 such that

Aj(h) <C(1+V;(h), heD. (5.2)
Hence taking expectations in (5.1 gives
t
B(V) (Xurn)) < Vi) + € [ (1+ BVi(Xenn)) ds:
0
Applying the Gronwall lemma gives E(V;(Xinr,)) < (Vj(z) + Ct)eCt < (1 + Vj(x))eC"?, for all

t > 0 and some constant C’ > 0. Since (X;);>0 has cddldg paths and C’ is independent of [, we
may take the limit [ — oo and conclude the assertion by the lemma of Fatou. O

We close this section with a formula for the first moment of general affine processes. The
particular case of multi-type CBI processes was treated in [5, Lemma 3.4], while recursion
formulas for higher-order moments of multi-type CBI processes were provided in [7]. At this point
it is worthwhile to mention [I4] where polynomial processes (which include affine processes on
the canonical state space as a special case) are investigated. These processes are characterized by
the property that the moments up to a given order p € N can be computed from an p-dimensional
system of ordinary differential equations. For affine processes on the canonical state space, such
equations can be derived from the particular form of the extended generator. Alternatively,
the same equations could also be obtained from the It6 formula using the stochastic equation
presented in Section 4. The next lemma is a particular case where p = 1.

Lemma 5.2. Let (a,a,b, B,v, 1) be admissible parameters and suppose that

/ €]w(de) < oo, (5.3)
g1
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Let (Xt)¢>0 be an affine process obtained from (4.4) with Xo = x € D. Then

t
E(X;) = ez +/ e*Pbds,
0

where b; = b; + f‘§|>1 &v(d€) + 11(4) [ig<y Giv(d€) holds. Letting x = (y,2) € R x R" and
X =(Y,Z) e R x R" we find that

t
E(Y;) = By +/ e ds,

0
t t t s
E(Zt) _et/BJJZ+/ esﬁJJdeS+/ e(tS)ﬁJJBJIesBIIde+/ / e(tis)ﬁjjﬁjjeuﬁllgjduds.
0 0 0 JO

Proof. First observe that, by definition of admissible parameters and (/5.3]), we may apply Propo-
sition (a) and deduce that X; has finite first moment. Taking expectations in (4.4]) gives

E(X:) =z + /Ot (b+ BE(X,)) ds.

Solving this equation gives the desired formula for E(X;). Taking expectations in (3.1]) (or (4.6))

gives
t
E(Y) =y + /0 (b1 + BE(Y)) ds.

which implies the desired formula for E(Y;). Finally, taking expectations in (4.7) gives

E(Z) =z+ /0 (EJ + BE(Ys) + BJJE(ZS)) ds.

Solving this equation and using previous formula for E(Y;), we obtain the assertion. ]

6 Contraction estimate for trajectories of affine processes

The following is our main estimate for this section.

Proposition 6.1. Let (a,a,b, 5,v, 1) be admissible parameters, suppose that is satisfied,
and assume that B has only eigenvalues with strictly negative real parts. Let x = (y,z),T =
(7,2) € R xR", and let X(x) = (Y(y), Z(z)) and X (z) = (Y(y), Z(x)) be the unique strong
solutions to (4.4)) with initial condition x and T, respectively. Then there exist constants K, 8,6 >
0 independent of X (x) and X () such that, for all t >0,

E([Yu(y) — Ye(@)]) < dly —gle™"", (6.1)
E(X(2) - X;(@)]) < Ke™ (1poply = 512 + o — 7). (6.2)
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Proof. Let us first prove (6.1]). Note that Y (y) and Y (y) are multi-type CBI processes with the
same parameters. If y; < y; for all j € {1,...,m}, then we obtain from Lemma and Lemma

E([Yi(y) ) < ZE Yei(y) = Vi (®)])

<.
Il
=

E(Y:;(y) = Yi3()

<
Il
—

I I
M3 ,Ms

(etﬁu (y - @) < \/g|et511 (y _ g’D’ < \/636*5't|y - §|,
J

<
Il
—_

where we have used that f;; has only eigenvalues with negative real parts (since S has this
property and 377 = 0). For general 4,7, let ¢°,...,y™ € R’ be such that
7 m
y() =Y, ym:g’ y] :Zekgk"’_ Z €LYk, j € {L‘”am_l}a
k=1 k=j+1
where ey, ..., ey, denote the canonical basis vectors in R™. Then, for each j € {0,...,m—1}, the
elements Y, yﬁl are comparable in the sense that yk = y]+1 if k# j+1, and e1ther y]Jrl < yJJr1

or yj 412 yj +1' In any case, we obtain from the previous consideration

m—1
E(|Y:(y) — Yi(y)]) < E(|Yi(y?) — Ya(y'™h)))
7=0
< Vde %" Z Y — 7
j=0
m—1
=Vde %t E Y1 — Fja| < de ¥ty — 7,
=0

where we have used |y/ — y/ Tt = |yj41 — ¥j41|. This completes the proof of (6.1]).
If n = 0, then (6.2) is trivial. Suppose that n > 0. Applying the It6 formula to e "X, (x)
and e "2 X;(Z), and then taking the difference, gives

Xi(z) — X4(@) =Pz — 7 +Z/ (t=2)8 <\/2Ysz \/QYL,z‘(%)>UidW5

el

> / / /R =) 1{rsys_,i(z>}—ﬂ{rsys_,im}) Ni(ds, dé, dr).

el

Here and below we denote by K > 0 a generic constant which may vary from line to line.
Moreover, we find g > 0 and § € (0,¢") such that

t
le'?|? < e7%! and / (9P etags < Ke 1>, (6.3)
0
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The stochastic integral against the Brownian motion is estimated by the Burkholder-Davies-
Gundy inequality (shortened to BDG-inequality) making also use of Jensen inequality, Fubini

)

Theorem and using the 5-Holder continuity of /-, which gives
t
(L e (o= o,
t
([ 2 (o (Voo .
. 1/2
K (/ e—(SO(t—S)E(‘Y'S’i(x) — Ys,i(i)\)ds>
0

9 1/2

¢ 1/2
<K (/ e_‘so(t_s)e_‘slsds) ly — 27|1/2 < Ke_6t|y - Z7|1/2a
0

IN

where we have used (6.1]) and (6.3)). For the stochastic integral against N; we consider the cases
|€] < 1 and [¢| > 1 separately. For [{] < 1 we apply first the BDG-inequality and then the
Jensen inequality combined with the Fubini Theorem to find, for each i € I,

t ~
- < / / / "% (Lpav. o) — Lpravie () Nilds, de. dr)
0 JIg<1 JRy

t
< KE // / PR Ly, )y — Lirev,y@n*Nildr, d€, ds)
0 JIgI<1 JRy

1/2

t 1/2
= </ / / [ PPEPE( L <y, o) 1{r<ys,i@)}!Q)dW(df)dS)
0 JIg<1 JRy

t 1/2
<k ([ e B0 - Va@as)
0
t 1/2
< Kly—y'/* (/ e_(t_s)5°e‘5’sd8> < Ke %y — '/,
0
where we have used (6.1]), (6.3]) and the identity

/ ’]l{,,gl,} - H{Tgy}‘Q dr = / ‘Il{,,gx} - ]l{Tgy}‘ dr = max(z,y) — min(z,y) = |z — y|.
0 0

For |£| > 1, we apply first the BDG-inequality and then use the sub-additivity of a — a'/? to
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obtain

t ~
/ / / "% (Lpav. o) — Lpravieu(a) Nilds, de. dr) )
0 JIg>1 JRy

t
/ / / PR Ly, )y — Lirev,y@n*Nildr, d€, ds)
0 JIg[>1 /R4

“

< KE

1/2

t
= K/ / / E (|e(t_8)65‘|1{T§Ys—,i($)} - ﬂ{réstvi@)}') drpi(dg)ds
0 Jig>1 Jry
t 50 -
<K / eI R(|Y, 1 (z) — Yas(7)))ds
0
t
< Kly -~ ﬂl/ IR e < KoMy 7,
0

where we have used |y — y| < |z — Z|. Collecting all estimates proves the assertion. O

7 Proof of Theorem [1.5

7.1 The Wy -Wasserstein estimate

Based on the results of Section 6, we first deduce the following estimate with respect to the
log-Wasserstein distance.

Proposition 7.1. Let (P;)i>0 be the transition semigroup with admissible parameters (a, o, b, B, v, j1),
suppose that § has only eigenvalues with negative real parts, and (1.5) is satisfied. Then there
exist constants K,6 > 0 such that, for any p,p € Piog(D), one has

Wy, (Prp, Pp) < K min {e_‘st, Way,, (p, ﬁ)} + Ke "Wy, (p. p), t>0.

Proof. Let (Pto(x,-))t>0 be the transition semigroup with admissible parameters (a,a,b =
0,8,m = 0,u) given by Theorem Take v = (y,2),2 = (¥,2) € R} x R" and let
X0x) = (YOy), Z%=x)) and X°(7) = (Y°(y), Z°(%)), respectively, be the corresponding affine
processes obtained from with admissible parameters (@ = 0,a,b = 0,3,m = 0, ). Since
X?(x) has law PP(z,-) and X?(Z) has law P(%,-), there exist by Proposition constants
K, 6 > 0 such that

Wa (PO, ), BY(F,) < B (1) V() = YO@IV? + X0 () — XP@)])

< Loy (B(Y(y) = Y2 @) + E(XP () - XP (@)
< Ke 0 (Lsoyly = 5112 + o — 7).

1/2

Next observe that, for u € U, one has

/ o) POz, da') = exp ((m, ¥ (t,u))), / el ) P,(0,da’) = exp (¢(t,u)) .
D D
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Combining this with proves Pi(z,-) = PP(z,-) * P,(0,-), where * denotes the convolution of
measures on D. Let us now prove the desired log-estimate. Using Lemma [8:3] from the appendix
and then the Jensen inequality for the concave function Ry 3 a — log(1 4 a), gives for some
generic constant K > 0

Way,, (Pide, Pioz) < Wy (P62, P)67)
< log(1 + Wy, (P6,, P263))
<log (1+ Ke™ (1jsoply = 912 + |z~ 7)) (7.1)
< K min{e™", log(1 + Linsoyly — g/ + |2 — 7))}
+ Ke % log (1 + Linsoyly — §|1/2 + |z — §|) ,

where we have used, for a,b > 0, the elementary inequality

log(1 4 ab)<K min{log(1 + a),log(1 + b)} + K log(1 + a) log(1 + b)
< K min{a,log(1 +b)} + Kalog(1 +),

which is proved in the appendix. Applying now Lemma [8:4] from the appendix gives for any
H e H(p,p)

W, (Pep, Pip) < W, (Pibz, Pioz)H (dx, dT)
DxD

<K [ min{e ™ log(1 + Lpoyly — 5172 + 2 — 7)) } H(de,d7)
DxD

F K [ dog(1 4 Sgumgly — 312+ fo - 3)H(do, )
DxD
< K min {e5t,/ log(1 + Tgnsoyly — V2 + |z — Z|)H (de, d%)}
DxD
+ Ke_‘;t/ log(1+ Linsoyly — 512 + & — &) H(dx, d).
DxD
Choosing H as the optimal coupling of (p, p), i.e.,

Wdlog(p"g) = D Dlog(l + ]l{n>0}’y - §’1/2 + ’x - EDH(dLL’,df),
X

proves the assertion. ]
Based on previous proposition, the proof of Theorem is easy. It is given below.

Lemma 7.2. Let (P;)i>0 be the transition semigroup with admissible parameters (a, o, b, B, v, j1).
Suppose that  has only eigenvalues with negative real parts, and (1.5)) is satisfied. Then (P;)i>0
has a unique invariant distribution w. Moreover, this distribution belongs to Piog(D) and, for

any p € Plog(D), one has (1.6).
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Proof. Let us first prove existence of an invariant distribution 7 € Piog(D). Observe that, by
Proposition we easily deduce that P;Piog(D) C Piog(D), for any t > 0. Fix any p € Piog(D)
and let k,l € N with k£ > [. Then

k—1
Wiy (Prpy Pip) <> Wy, (PsPip, Pup)

s=l

k-1 k—1
<K min{e™ Wa, (Pup.p) | + K ¢ W, (Pup, ).
s=l s=lI

Since the right-hand side tends to zero as k,l — oo, we conclude that (Pgp)ren is a Cauchy se-
quence in (Piog(D), Wy, ). In particular, there exists a limit m € Piog(D), i.e., Wy, (Prp, m) —
0 as k — o0o. Let us show that 7 is an invariant distribution for F;. Indeed, take h > 0, then

Wayoo (P, m) < Way, (Pom, Py Pip) + Wy (PuPrp; Pep) + Way,, (Pep, )

< K min {e"Sh, Way,, (T, Pkp)} + Ke"sthlog(ﬂ, Pyp)

log

+ K min {e_ék, Wy, (Prp, P)} + Ke "Wy, (Pup, p) + Wa,, (Prp, ).

Since Wy, (Prp, ™) — 0 as k — oo, we conclude that all terms tend to zero. Hence Wy, (P, 7) =
0, i.e., Pym = 7, for all h > 0. Next we prove that 7 is the unique invariant distribution. Let
o, 71 be any two invariant distributions and define Wdilg as in with djog Teplaced by djpg A 1.
Then we obtain, for any ¢ > 0 and all z,Z € D, by the proof of Proposition (see (|7.1))

Wil (P, ), PuE,7) < 1A Way, (P, ), Bi(F, "))

<1Alog (1 + Ke % (1psoyly — 9] + o — az\)) :

Fix any H € H(mp, ), then using the invariance of g, m together with the convexity of the
Wasserstein distance gives

<1 <1
W (0, m1) = War (Fymo, Pim)

< Wil (Px,), P&, ) H(dz, d7)
DxD

< / min{1,log(1 + 2Ke~% |z — Z|)H (dz, dT).
DxD

By dominated convergence we deduce that the right-hand side tends to zero as t — oo and hence
mo = m1. The last assertion can now be deduced from

Wdlog (Ptp7 7T) = Wdlog (Ptp7 Ptﬂ-) S K min {e_6t’ Wdlog (p7 ﬂ-)} + Ke_éthlog (p’ 7T),

where we have first used the invariance of 7 and then Proposition [7.1] O
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7.2 The W,; -Wasserstein estimate

As before, we start with an estimate with respect to the Wasserstein distance Wy, .

Proposition 7.3. Let (P;)i>0 be the transition semigroup with admissible parameters (a, v, b, B, v, j1).
Suppose that B has only eigenvalues with negative real parts, and (1.7)) is satisfied for some
k € (0,1]. Then there exist constants K,0 > 0 such that, for any p,p € Px(D), one has

Wa, (Pip, Pip) < Ke "Wy (p,p),  t>0.

Proof. Let (Pto(x, )) > be the transition semigroup with admissible parameters (a = 0,,b =
0,3,m = 0, 1) given by Theorem Arguing as in the proof of Proposition we obtain

Wdl (Pto(x7 ')7 lDtO(EEva )) < Ke_& (H{n>0}‘y - {lﬂl/Q + ’(L‘ - %’> ) (72)
and Py(z,-) = P?(x,-) * P,(0,-). Then we obtain from Lemma [8.3| from the appendix

W, (Pi6y, Proz) < Wy, (PP6,, PY67)
< (Wi, (P8, POG3))" < K™ (1naply — 3112 + | — 7))

K
)

where the second inequality follows from the Jensen inequality and the third is a consequence
of (7.2)). Using now Lemma from the appendix, we conclude that

Wdﬁ (Ptp, Ptﬁ) < inf de (Ptdw, Ptéi)H(dZE, d;ﬁ)
HeM(p,p) JDxD

< K"e %t inf / Lipsorly — 9] + |z — 2|))" H(dz, dx
22 DxD( {(n>0}] |+ )" H( )

= K*e "Wy (p, p).
This proves the assertion. O

Based on previous proposition, the proof of the Wy, _-estimate in Theorem can be deduced
by exactly the same arguments as in Lemma So Theorem is proved.
8 Appendix

8.1 Moment estimates for V; and V,
In this section we prove (/5.2)).

Lemma 8.1. Suppose that the same conditions as in Proposition (a) are satisfied. Then
there exists a constant C = C, > 0 such that

Ai(z) < CVi(x), z = (y,z) € R x R".
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Proof. Observe that VVi(z) = kz(1 + |z|? )VQ. Using |z| < (1 + |z[?)'/? gives |[VVi(z)] <
k(14 |z?) "7 2, and hence we obtain for some generic constant C' = C,, > 0
(b+ B, VVi(2)) < C (14 [z]) [VVi(2)| < CVi(x).
For the second order term we first observe that, for k,l € {1,...,d},
0?Vi(x)
Ox0x;

= k(k — 2z (1 + |z)?) T 4 Skl + 225

where Jx; denotes the Kronecker Delta symbol. Using xgx; < ﬁ L < |z]? < (1 + |2]?) gives

%z‘gla(xl) < C(1+ |z[>)"2 . This implies that
d m
0*Vi(x )
> <am + Zai,kzxi) T < O+ a1+ o) 5 < CVi(a).
k=1 =1
Let us now estimate the integrals against m and 1, ..., t,. Consider first the case || > 1. The

mean value theorem gives
1
Vilo+€) = Vila) = [ (& VWi + )
0

1 1
[t (Lt Lo )T < ule] [ (1 o+ )T at
0 0
where we have used (£, x + t€) < |||z +t€| < |€|(1+ |z +t£]?)'/2 in the last inequality. If k > 1,
then
€11+ |z + t¢]*) <C\§|(1+!$\2+\€!
<C\€|(1+!€| )T (1 +[2) T < CO+[EP)72(1+ o) T
If k€ (0,1], then [€](1 + |z + t€]2)"F
Vi(z +&) —Wi(z) < ]1(0 1 (R)CIE] + L1,00) (R) (L + €)1 + |27
C(L+ €]+ 1€") (1 + o>
Using (€, VVi(x)) < [€][VVi()] < Cl¢[(1+ |2*) "2 and

< |€]. In any case, we obtain, for [¢| > 1,

Viz +€) = Vi(z) < Vi(w +€) < C(L+ |2 + €))7 < CVil)(1 + [¢),

for the integral against v, gives

/5|>1(V1(“f>‘ d5+2wz / (Va(z +€) — Vi) — (€, VVi(2)) ps )

[€]>1
scvl<x>/m>1<1+\f| V2u(dg) + C(1+ |2 ) sz/ (L4 (€] + [€]7) us(de)
< CVi(w) ( /Ig | ler e + Zl /l5 R |€!”)m(d€)> ,
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where we have used z; < |z| < (1 + |22, i € {1,...,m}. It remains to estimate the
corresponding integrals for |{| < 1. Applying twice the mean value theorem gives

Vil +€) — Va(x) — (6, VVa(a /{5vv1<x+t£>>—<s,vv1<x>>}dt

/ / S Il 458 dsar
0

Py 0x0x)
gcygﬁ/o /0(1+|x+sgy2)“22dsdt, (8.1)

2 2
where we have used £,& < % < |€]%. Using, for i € I and |¢| < 1,

(L4 2)(1+ |z + 5827 < (L+ |y + &) 20+ o+ s2)
<(1+|o+se) T
< (1+ |z + s€]H)™? < CVi (),

we conclude that

[ Wil =) - (6 PV wiae)

g -V - ) 7 d
t2 e /mq (Vi +€) = Vi) — (&, VVi(«))) i de)
cV 2 d ; d
< CVi(w) ( [ e+ [ g 5))
Collecting all estimates proves the desired estimate for Aj. 0

Let us now prove the desired estimate for As.

Lemma 8.2. Suppose that the same conditions as in Proposition (b) are satisfied. Then
there exists a constant C' > 0 such that

As(z) < C (14 Va(z)), x € D.

Proof. Observe that VVa(z) = Hence we obtain for some generic constant C' > 0

2z
1+|z]2"
s 1
<b+ Bx,VVz(x)> <O+ |z|) |[VVa(z)| < CW <C.

Observe that, for k,l € {1,...,d},

0?Va(z) 20 daa

Oxrdr; 1+ |22 (14 |z2)?
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02V, (z)
O0x0x;

Using zpz; < C(1 + |x|?) gives

<3 ﬁ;‘Q. This implies that

d m
0*Va(x) 1+ |z
E E ; ; < < (C.
oy (akl + — az’klxl> Oxp0x; — Cl +|z|2 ~ ¢

Let us estimate the integrals against v and 1, ..., f,. Consider first the case |£| > 1. Then
Va(z +€) = Va(z) < Va(z +€) < Clog(1+ [a]? + [€7) < Clog(1 + |a|*) + Clog(1 + [¢[*),

and hence we obtain
/ (Va(z +€) — Vo)) v(d€) < C / (Va(2) + Va(€)) w(de) < C(1 + Va(x)).
|€]>1 [€1>1

From the mean value theorem we obtain

1 1
B _ (& +18) Clertg]
Vo +9) = Vala) = [ (6 Ve +ie)ar =2 [ {E 2|£|/ Tt i

In view of x; < x; +t& < |x; + t&;| < |z + t&| for i € I, we obtain x;(Va(x + &) — Va(x)) < 2[¢].
Using (£, VVa(x)) < [€][VVa(z)| < Cl¢] gives

Yoo [ (et €) - Vala) - (6 VVala) md€<02/ Elua(de).

It remains to estimate the corresponding integrals for [£] < 1. Asin (8.1)), we get

) 1 t 1
Va(z 4+ &) — Va(z) — (€, VVa(z)) < Cl¢] /0 /0 mdédt
This implies
| (a6 = vale) ~ (& W) vide) < € | Jeulde).
[€1<1 |€1<1

For i € I, by z; < |x + s, we get < 1 and hence

3
1+|z+s€]?

Zm/ﬁq%(wg)—%(@—<s,vv2< mdf<02/ €1 s (dt).

i=1

Collecting all estimates proves the desired estimate for As. O

8.2 Some estimate on the Wasserstein distance

Here and below we let d € {d.,diog}. Below we provide two simple and known estimates for
Wasserstein distances.
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Lemma 8.3. Let f, f,g € Pa(D). Then

Proof. Using the Kantorovich duality (see [57, Theorem 5.10, Case 5.16], we obtain

Walf %, Frg) = sup ( [ s s atao) - [ w7 *g)(dw>),

Il <1

where ||h| = sup,_,/ % Using now the definition of the convolution on the right-hand
side gives

/()(f*g)(dw) /h( )(F + 9)(dz)

// (x + ') f(dx)g(dx') // (x + ') f(dx)g(dx')

_/Dh( 2) f(dz) — /Dh( z)f(dz),

where h(z = [p h(z+2')g(d2’). Since |R]| < 1, we conclude that

Wil v 0. 7+9) = sw ([ i) - [ iorfan)

hl<1

< sup ([ st — [ o Fao) ) = wats. )

Irll<1
where we have used again the Kantorovich duality. This completes the proof. O

The next estimate shows that the Wasserstein distance is convex. For additional details we
refer to [57, Theorem 4.8].

Lemma 8.4. Let P(x,-) be a Markov transition function on D x Pg(D). Then, for any f,g €
Pa(D) and any coupling H of (f,g), it holds that

W, ( [ P, [ P(x,->g<dx>) < [ WalPla,), P ) H(do, D),

8.3 Proof of the elementary inequality with respect to log

Below we prove the following inequality.

Lemma 8.5. For any a,b > 0 one has

log(1 + ab) < log(2e — 1) min{log(1 + a),log(1 + b)} + log(2e — 1) log(1 + a) log(1 + b).
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Proof. Using the elementary inequality log(e + ab) < log(e + a)log(e + b), see [28], we easily
obtain

log(1 + ab) = log(e™1) 4 log(e + eab)
< log(e +a) (log(e™") + log(e + b)) < log(e + a) log(1 + b)
from which we readily deduce
log(1 4+ ab) < min{log(e + a)log(1 + b),log(e + b) log(1 + a)}.
Fix any € > 0. If a > ¢, then we obtain

log(e +¢)

log(1 b) <1 log(1+b) < =2
og(1 + ab) < log(e + a)log(1 + )_log(1+5)

log(1 + a)log(1 + ).

The case b > ¢ can be treated in the same way. Finally, if 0 < a,b < ¢, then we obtain

log(1 + ab) < min{log(e + a)log(1 + b),log(e + b) log(1 + a)}

log(e + €) } |

< log(e + ¢) min {10g(e +e€), log(1 1 2)

Collecting both estimates gives, for all a,b > 0, the estimate

log(1 4 ab) < g(e) min{log(1 + a),log(1 4+ b)} + g(e) log(1 + a) log(1 + b),

where g(g) = min {log(e +¢€), igggij:?) } A simple extreme value analysis shows that g attains

its maximum at ¢ = e — 1 which gives ingg(s) =g(e—1) =log(2e — 1). O
e>
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